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Abstract 

The initial motivation of this work was to give a topological interpreta- 
tion of two-periodic twisted de-Rham cohomology which is generalizable to 
arbitrary coefficients. To this end we develop a sheaf theory in the context of 
locally compact topological stacks with emphasis on the construction of the 
sheaf theory operations in unbounded derived categories, elements of Verdier 
duality and integration. The main result is the construction of a functorial 
periodization functor associated to a ?7(l)-gerbe. As applications we verify 
the T-duality isomorphism in periodic twisted cohomology and in periodic 
twisted orbispace cohomology. 
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1 Introduction 

1.1 Periodic twisted cohomology 

1.1.1 The twisted de Rham cohomology H^rIM, u) of a manifold M equipped with 
a closed three form u G f2 3 (M) is the two-periodic cohomology of the complex 

n(M,u) per : ► n ev (M) H n odd (M) H n ev (M) (1.1) 

where d w := ddR + uj is the sum of the de Rham differential and the operation 
of taking the wedge product with the form u. The two-periodic twisted de Rham 
cohomology is interesting as the target of the Chern character from twisted i^-theory 
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|AS04 |, [ |MS03| |, [ |BCM + 02] ], or as a cohomology theory which admits a T-duality 



isomorphism ||BEM04| 



1.1.2 In PSS07|| we developed a sheaf theory for smooth stacks. Let / : G — > X 
be a gerbe with band U(l) over a smooth stack X, and consider a closed three-form 
uo G fi^-pT) which represents the image of the Dixmier-Douady class of the gerbe 
G — > X in de Rham cohomology. The main result of [ B55Q7J states that there exists 
an isomorphism 

RfJ*Rx^n x [[z]l (1.2) 

in the lower bounded derived category D + (Sh Ab X) of sheaves of abelian groups on 
X. Here R x denotes the constant sheaf with value R on X. Furthermore, nx[[^]]u 
is the sheaf of formal power series of smooth forms on X, where deg(z) = 2, and 
its differential is given by d w := d^R +u4-. The isomorphism is not canonical, but 
depends on the choice of a connection on the gerbe G with characteristic form uo. 

1.1.3 The complex can be defined for a smooth stack X equipped with a 
three-form uo G Q X (X). It is the complex of global sections of a sheaf of two- 
periodic complexes ttx,uj, P er on X. The complex of sheaves fixIHlu is not two- 



periodic. The relation between f2x[|X|]u and Vtx^^er has been discussed in [ [BSS07 
1.3.23]. Consider the diagram 



d d d 

dz c \ i ~v \ rr n dz c \ ( ~v \ rr n dz 



V-. n(x)[[z\i n(x)[[ z \i ^ n{x)[[z]] u . . . . (1.3) 

Then there exists an isomorphism 

Qx^per = holimV . (1.4) 



1.1.4 As mentioned above, the isomorphism ( |1.2j ) depends on the choice of a con- 
nection on the gerbe G. Moreover, the diagram T> depends on these choices via uj. 
In order to construct a natural two-periodic cohomology one must find a natural 



replacement of the operation j- which acts on the left-hand side -R/*/*M,x °f (li- 
lt is the first goal of this paper to carry this out properly. 

1.1.5 One can do this construction in the framework of smooth stacks developed 
in |[BSS07|| . But for the present paper we choose the setting of topological stacks. 



Only in Subsection |2.3| we work in smooth stacks and discuss the connection with 
1B55D7J . In Section |^ we develop some aspects of the theory of locally compact 
stacks and the sheaf theory in this context. For the purpose of this introduction we 
freely use notions and constructions from this theory. We hope that the ideas are 
understandable by analogy with the usual case of sheaf theory on locally compact 
spaces. 

1.1.6 Let G — > X be a [/(l)-banded gerbe over a locally compact stack. The main 
object of the present paper is a periodization functor 

P G : D + (Sh Ab X) -> £>(Sh Ab X) 
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which is functorial in G — > X, and where _D + (Sh Ab X) and D(Sh Ab X) denote the 
lower bounded and unbounded derived categories of sheaves of abelian groups on 
the site X of the stack X. A simple construction of the isomorphism class of P G (F) 
is given in Definition [2.20| . The functorial version is much more complicated. Its 



construction is completed in Definition [3.3C . 

1.1.7 Let us sketch the construction of Pq. Recall that gerbes with band U(l) over 
a locally compact stack Y are classified by H 3 (Y; Z), and automorphisms of a given 
[/(l)-gerbe are classified by H 2 (Y; Z) | |Hei05| |. We consider the digram 




x G 



where the automorphism u of gerbes over T 2 x X is classified by or^ x 1 G H 2 (T 2 x 
X;Z), and where otjv denotes the orientation class of the two-torus. We define a 
natural transformation 

D: RfJ* -> RfJ*- £ + (Sh Ab X) -> D + (Sh Ab X) 

of degree —2 as the composition 

D: RfJ* U ^ S Rf*Rp*Ru*u*p*f* /p ^ /p Rf*Rp*p*f* k RfJ* , 

where f : Rp*p* — > id is the integration map of the oriented T 2 -bundle T 2 x G — > G. 
For F G D + (Sh Ab X) we form the diagram 

S G {F) : RfJ*(F) B- RfJ*(F)[2] B- RfJ*(F)[A] £ . . . 

in D(Sh Ab X). 

Definition 1.5. We define the periodization Pg{F) £ -D(Sh Ab X) of F by 

P G {F) := holim S G (F) G D(Sh Ah X) . 

1.1.8 The same construction can be applied in the case of smooth stacks X. It is 
an immediate consequence of Theorem |2.14j that there exists an isomorphism of the 
diagrams SgQEx) an d D ( see ( |1-3|) ). Equation ( fL.4|) implies the following result. 

Corollary 1.6. If X is a smooth manifold, then there exists an isomorphism 



Pt 



G\ 



in _D(Sh Ab X). In particular we have an isomorphism of two-periodic cohomology 
groups H* dR (X,u) H*(X; P G (R X )) . 

The existence of this isomorphism played the role of a design criterium for the 
construction of the periodization functor P G . 
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1.1.9 The operation D: Rf*f*(F) — > Rf*f*(F) is a well-defined morphism in the 
derived category. In particular, we get a well-defined diagram Sq(F) G -D(Sh Ab X) N ° P , 
where we consider the ordered set N as a category. This determines the isomorphism 
class of the object Pg{F) € _D(Sh Ab X). We actually want to define a periodization 
functor 

P G :D + (Sh Ab X)^D(Sh Ab X), 

which also depends functorially on the gerbe G — > X. These functorial properties 
are required in our applications to T-duality, or if one wants to formulate a statement 
about the naturality of a Chern character from G-twisted i^-theory with values in 
the periodic twisted cohomology H*(X\ Pg(M x )). 

In order to define Pg{F) in a functorial way we must refine the diagram Sg{F) 6 
D(Sh Ab X) N ° P to a diagram in T>((Sh Ab X) N ° P ). This is the technical heart of the 
present paper. The details of this construction are contained in Section and will 
be completed in Definition p. 30 . 

1.1.10 The periodization functor Pq can be applied to arbitrary objects in T> + (Sh Ab X). 
In Proposition |2.25| we calculate examples which indicate some interesting arithmetic 
features of this functor. 



1.2 T-duality 



1.2.1 Topological T-duality is a concept which models the underlying topology 
of mirror symmetry in algebraic geometry or T-duality in string theory. We refer 
to [ BR£ | for a more detailed discussion of the literature. In the present paper we 
introduce the concept of T-duality for pairs (E, G) of a £/(l)-principal bundle E — > B 
over a topological stack B together with a topological gerbe G — > E with band U(l) 
using the notion of a T-duality diagram. 

1.2.2 Consider a diagram 

(1.7) 




where n, 7r are £/(l)-principal bundles, and /, / are gerbes with band U(l). In 
[4.1.3| we describe the isomorphism class of the universal T-duality diagram over the 
classifying stack BU(1). 
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Definition 1.8 (Definition |4.3[ ). The diagram ( \l.Tj ) is a T -duality diagram, if it is 



locally isomorphic to the universal T- duality diagram. 
The pair (G, E) is then called a T-dual of (E, G). 

1.2.3 In Lemma [O)] we will check that this generalizes the concept of T-duality 
(for [/(l)-bundles) from the classical situation of principal bundles in the category 
of spaces ||BS06| , [BRS|| and the slightly more general situation of such bundles in 



orbispaces PS06|| to arbitrary [/(l)-actions. The situation of semi-free actions is 
discussed (in a completely different way) in [|Pan06|l . It is an interesting open problem 



to relate his approach to the approach used here. 

1.2.4 One of the main themes of topological T-duality is the T-duality transfor- 
mation in twisted cohomology theories. In [PS06|| we observed that if the T-duality 
transformation is an isomorphism, then the corresponding twisted cohomology the- 
ory must be two-periodic. 

This applies e.g. to twisted .ff -theory. In fact, one can argue that twisted .ff -theory 
is the universal twisted cohomology theory for which the T-duality transformation 
is an isomorphism^]. 

1.2.5 Our construction of Pg is designed such that the corresponding T-duality 
transformation is an isomorphism. To this end we define the periodic G-twisted 
cohomology of E with coefficients in n*F, F G -D + (Sh Ab B), by 

H; er (E,G;n*F) : = H*(E; P G (vr*T)) . 

In this case the T-duality transformation 

T: H* per (E, G; n*F) -> H* per (E, G; n*F) 

is induced by the composition 

Rti*P g (tt*F) "4* R^Rp^Pai^F) 

Rir*Rp*P p * G {p*ir*F) 

L = ih, /.'/'./;.,;(/'• r-rP) 
R7r,Rp,P rG (p*rP) 
Rir*Rp*p*P G (rF) 

RTr*p G (r{F)) . 

Note that here we use the functorality of the periodization in an essential way. 

Theorem 1.9 (Theorem [4.23| ). The T-duality transformation in twisted periodic 
cohomology is an isomorphism. 



7T'p=7Tp 



1 We thank M. Hopkins for pointing out a proof of this fact. 
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1.2.6 If G — > X is a gerbe over a nice non-singular space X, then H* er (X, G; R x ) is 
the correct target of a Chern character from twisted i^-theory. If X is a topological 
stack with non-trivial automorphisms of points, then this no longer correct. At the 
moment we do understand the special case of orbispaces. In ||BSS08| , Sec. 1.3] we give 



a detailed motivation for the introduction of the twisted delocalized cohomology. 
Let G — > X be a topological gerbe with band U(l) over an orbispace X. In [|BSS08 



Definition 3.4] we show that it gives rise to a sheaf C G Sh Ab LX, where LX is the 
loop orbispace of X. 

The G-twisted delocalized periodic cohomology of X (with complex coefficients) is 



defined as (see [|BSS08| , Definition 3.5]) 



H. 



deloc,per 



(X,G) :=H*(LX;P Gl (£)) 



where Gl — > LX is defined by the pull-back 



G, 



G 



LX 



X 



Let us now consider a T-duality diagram (|1.7| ) over an orbispace B. Then we define 
a T-duality transformation 



T: H. 



deloc,per 



(E,G) 



H deloc,per(.E i G) 



by a modification of the construction |1.2.5| . 

Theorem 1.10 (Theorem |5.12| ). The T-duality transformation in twisted delocalized 
periodic cohomology is an isomorphism. 

So the situation with twisted delocalized periodic cohomology is better than with 
orbispace i^-theory. At the moment we do not know a proof that the T-duality 
transformation in twisted orbifold i^-theory is an isomorphism (see the correspond- 
ing comments in ||BS06|| ). Using the fact that the Chern character is an isomorphism, 
our result implies that the T-duality transformation in twisted orbifold and orbis- 
pace i^-theory is an isomorphism after complexification. 



1.3 Duality for sheaves on locally compact stacks 

1.3.1 In Section |6] of the present paper we develop some features of a sheaf theory 
for locally compact stacks. Our main results are the construction of the basic setup, 
of the functor f l , and the integration f. for oriented fibre bundles. Section not 
only provides the technical background for the applications of sheaf theory in the 
previous sections, but also contains some additional material of independent interest 
(in particular the results connected with /■). 
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1.3.2 A presheaf F of sets on a topological space X associates to each open subset 
U C X a set of sections F(U), and to every inclusion V — > U of open subsets 
a functorial restriction map F(U) — *> F(V), s i— > siy. In short, a presheaf it is 
contravariant a functor from the category (X) open subsets of X to sets. A presheaf 
is a sheaf of it has the following two properties: 

(1) If s,t G i 7 ^) are two sections and there exists an open covering (Ui) of U 
such that S|[/ t = t\ u% for all z, then s = t. 

(2) If (C/j) is an open covering of U and (si) is a collection of sections Sj G F(Ui) 
such that Sj|[/. n; y. = s^m/. for all pairs i,j, then there exists a section s G 

such that si^ = Sj for all i. 

The notion of a sheaf is thus determined by the Grothendieck topology on (X) given 
by the collections of open coverings of open subsets. We will call (X) the small site 
associated to X. 

If A is a topological stack, then the open substacks form a two-category which 
does not give the appropriate setting for sheaf theory on A. For example, if G 
is a finite group, then the quotient stack [*/G] is quite non-trivial but does not 
have proper open substacks. On the other hand its identity one-morphism has the 
two-automorphism group G, and in a non-trivial theory sheaves should reflect the 
two-automorphisms. 

1.3.3 For applications to twisted cohomology a setting for sheaf theory on smooth 



stacks has been introduced in [ |BSS07|| . In the present paper we develop a similar 
theory for topological stacks. There are various choices to be made in order to define 
the site of a stack in topological spaces. The sheaf theories associated to these choices 
will have many features in common, but will differ in others. The main goal of the 
present paper is the construction of the periodization functor P G associated to a 
[/(l)-banded gerbe G —>■ X. One of the main ingredients of the construction is an 
integration J. for oriented fibre bundles / with a closed topologial manifold as fibre. 
In order to define the integration map we need a projection formula which expresses 
a compatibilty of the pull-back and push-forward operations with tensor products, 
see Lemma |6.29| . Already for the projection formula in ordinary sheaf theory one 
needs local compactness assumptions. For this reason we descided to work generally 
with locally compact stacks and spaces though much of the theory would go through 
under more general or different assumptions. 

1.3.4 A stack in topological spaces is topological if it admits an atlas A — > X. 
From the atlas we can derive a groupoid A x x A =4 A which represents A in an 
appropriate sense. The stack is called locally compact if one can find an atlas A — > A 
such that the resulting groupoid is locally compact (i.e. A and A x x A are locally 
compact spaces). 

The site X associated to a locally compact stack is the category of locally compact 
spaces (U — > A) over A such that the morphisms are morphisms of spaces over A 
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(i.e. pairs of a morphism between the spaces and a two-morphism filling the obvious 
triangle.) We require that the structure morphism U — > X has local sections. The 
topology on X is again given by the collections of coverings by open subsets of the 
objects (U — > X). For many constructions and calculations the restriction functors 
from sheaves on X to sheaves on (U) play a distinguished role. They are used to build 
the connection between operations with sheaves on the stack X and corresponding 
classical operations in sheaf theory on the spaces U. 

1.3.5 For the theory of stacks in topological spaces in general we refer to ||Hei05 



BSS08|| , ||Noo|| . Some special aspects of locally compact stacks are discussed in 



Subsection |6J] of the present paper. 

In our treatement of sheaf theory on the site X we give a description of the closed 
monoidal structure on the categories of sheaves and presheaves of abelian groups 
Sh Ab X and Pr A bX on X. The interplay between sheaves and presheaves will be 
important when we study the compatibilty of the monoidal structures with the 
functors 

/* : Sh Ab Y Sh Ab X : /* 

associated to a morphism of locally compact stacks / : X — > Y . In general these 
functors do not come from a morphisms of sites but are constructed in an ad-hoc 
manner. Because of this we must check under which conditions properties expected 
from the classical theory carry over to the present case. 

The derived versions of these functors on the lower bounded and unbounded derived 
categories _D + (Sh Ab X) and .D(Sh Ab X) will play an important role in the present 
paper. In order to deal with the unbounded derived category we use an approach 
via model categories. 

1.3.6 Besides the development of the basic set up which we will not discuss fur- 
ther in the introduction let us now explain the two main results which may be of 
independent interest. 



Theorem 1.11 (Theorem |6.34|) . If f : X — > Y is a proper representable map 
between locally compact stacks such that /* has finite cohomological dimension, then 
the functor .R/* : .D + (Sh Ab X) — > _D + (Sh Ab Y) has a right- adjoint, i.e. we have an 
adjoint pair 

RU : D + (Sh Ab X) ±5 D+(Sh Ab Y) : f . (1.12) 

We think that one could prove a more general theorem stating the existence of a right 
adjoint of a functor Rf\ where f\ is the push-forward with proper support along an 
arbitrary map between locally compact stacks such that f\ has finite cohomological 
dimension, though we have not checked all details. 

This theorem generalizes a well-known result ( ||Vcr95 l, | KS94 , Ch. 3] in ordinary 



sheaf theory. Its importance is due to the classical calculation 

f\F) = f\F)[n] (1.13) 
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(compare ]K5g§ Prop.3.3.2]) for F e L>+(Sh Ab (y)), if / : X -> K is an oriented 
locally trivial bundle of closed connected topological n-dimensional manifolds on a 
locally compact space Y. If we would know such an isomorphism in the present case 
(for sheaves on the sites X, Y and stacks X, Y), then we could define the integration 
map as the composition 



J :RfJ*(F)^Rfj\F)[-n] ^ F[- 



-n\ 



where the last map is the counit of the adjunction ( |1 . 1 2 ) 



Unfortunately, at the moment we are not able to calculate f'(F) in any interesting 
example. However, we can construct the integration map in a direct manner avoiding 
the knowledge of (|1.13| ). 



Some elements of the theory developed here are formally similar to the work ||Ols01 
on sheaves on the lisse etale site of an Artin stack. In this framework in | LO05|| 



functor /• was introduced between derived categories of constructible sheaves. On 
the one hand the methods seem to be completely different. On the other hand this 
functor has the expected behavior for smooth maps, i.e. it satisfies a relation like 
(|1.13|) . At the moment we do not see even a formal relation between the construction 



of ||LO05|| with the construction in the present paper which could be exploited for a 



calculation of f'(F). 

1.3.7 The following Theorem is the result of Subsection |6]4 



Theorem 1.14. If the map f : X — > Y of locally compact stacks is an oriented 
locally trivial fibre bundle with a closed connected topological n-dimensional manifold 
as fibre, then there exists an integration map, a natural transformation of functors 

J : RfJ* - id[-n] : £+(Sh Ab X) - £>+(Sh Ab X) 

which has the expected compatibility with pull-back and compositions. 



In Subsection |T5] we extend the push-forward and pull-back operations to the un- 
bounded derived categories and construct the integration map in this setting. 



2 Gerbes and periodization 

2.1 Sheaves on the locally compact site of a stack 

2.1.1 Let Top denote the site of topological spaces. The topology is generated by 
covering families cov Top (A) of the objects A e Top, where cov Top (^4) is the set of 
coverings by collections of open subsets. 
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A stack will be a stack on the site Top. Spaces are considered as stacks through the 
Yoneda embedding. 

A map A — > A from a space A to a stack A which is surjective, represent able, and 
has local sections is called an atlas. We refer to |6.1.2| for definitions and more details 
about stacks in topological spaces. 

Definition 2.1. A topological stack is a stack which admits an atlas. 

Definition 2.2. A topological space is locally compact if it is Hausdorff and every 
point admits a compact neighbourhood. A stack is called locally compact if it admits 
an atlas A — > X such that A and A x x A are locally compact. 

If A is a locally compact stack, then the site of A is the subcategory Top /c /A 
of locally compact spaces over A such that the structure map A — > A has local 
sections. The topology is induced from Top. We denote this site by X or Site(A). 
See |6 . 1 . 6| for more details. 

2.1.2 As will be explained in |6.1.9| , a morphism of locally compact stacks / : A —>■ Y 
gives rise to an adjoint pair of functors 

/* : ShY <=» ShX : /» . 

The functor /* is left-exact on the categories of sheaves of abelian groups and admits 
a right-derived 

RU: J D+(Sh Ab X)^ J D+(Sh Ab Y) 

between the lower-bounded derived categories, compare |6.1.9 . 

2.1.3 Let M be some space. 

Definition 2.3. A map between topological stacks f : A — ► Y is a locally trivial 
fibre bundle with fibre M if for every space U — > X the pull-back U x Y X — ► U is a 
locally trivial fibre bundle of spaces with fibre M. 

Assume that M is a closed connected and orientable n-dimensional topological man- 
ifold. 

Definition 2.4. Let /: A — > Y be a map of locally compact stacks which is a locally 
trivial fibre bundle with fibre M. It is called orientable if there exists an isomorphism 
-R n /*(Z X ) = Z Y . An orientation of f is a choice of such an isomorphism. 

2.1.4 Let /: A — > Y be a locally trivial oriented fibre bundle with n-dimensional 
fibre M over a locally compact stack Y. Under these assumption we can generalize 
the integration map (see [|KS94| , Sec. 3.3]) 
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Theorem 2.5 (Definition |6.52| ). If f : X — > Y be a locally trivial oriented fibre bun- 
dle over a locally compact stack with fibre a closed topological manifold of dimension 
n, then we have an integration map, i.e. a natural transformation of functors 



: Rf, o /* - id: D+(Sh Ab Y) -> £>+(Sh Ab Y) 



of degree —n. 



2.1.5 We consider a map of locally compact stacks /: X — > K which is a locally 
trivial oriented fibre bundle with fibre a closed topological manifold of dimension n. 
Furthermore let U — > X be a morphisms of locally compact stacks which has local 
sections. Then we form the cartesian diagram 




Note that g : V —> U is again a locally trivial oriented fibre bundle with fibre a 
closed topological manifold of dimension n. The orientation of / (which gives the 
marked isomorphism below) induces an orientation of g by 



R n gMv) = R n g*v*(%x) = u*R n f* (z x ) = u*(z Y ) s z v 

Lemma 2.6. The following diagrams commute 



u* o Rf„ o /* s- Rg^ o v* o /* Ru* o i?^^ o g* s> Rf„ o Rv* o g* 



Rg* o g* ou* 



Ru* 



RU o /* o Ru, 



(2.7) 



Proof. Commutativity of the first diagram follows immediately from the stronger 



(because valid in the derived category of unbounded complexes) Lemma |6.83| . Com- 
mutativity of the second diagram is proved in Lemma |6.83| , but only for the lower- 
bounded derived category. □ 



2.2 Algebraic structures on the cohomology of a gerbe 

2.2.1 Let X be a locally compact stack and /: G — > X be a topological gerbe 
with band U(l). Then G is a locally compact stack. Indeed, we can choose an atlas 
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A — > X such that A and A x x A are locally compact, and there exists a section 

G ■ 



A- 



X 



Then A — > G is an atlas and AxqA^AxxA is a. locally trivial £7(l)-bundle. In 
particular, A x G A is a locally compact space. 

2.2.2 By T 2 we denote the two-dimensional torus. We fix an orientation of T 2 . 
We consider the pull-back pr^G = T 2 x G — » T 2 x X. The isomorphism classes of 
automorphisms of this gerbe are classified by H 2 (T 2 x X; Z). Let 



pr*G- 



T 2 x X 

be an automorphism classified by or T 2 x l x E H 2 (T 2 x X;Z). We consider the 
diagram 

pr*G * ^pr*G . (2.8) 

p 




2.2.3 Observe that the map of locally compact stacks p: prJjG — > G is a locally 
trivial oriented fibre bundle with fibre T 2 . Therefore we have the integration map 
(see \H§ 

: Rp* o p* — > id . 

Definition 2.9. VFe define a natural endo-transformation Dq of the functor 

Rf* o /* : D+(Sh Ab X) -> D+(Sh Ab X) 
o/ degree —2 which associates to F E _D + (Sh Ab X) i/ie morphism 

Rf , ar{F) - fl/ ,„ flp ,„^,o,.o P -„ /v ) ~» v .o worm £ wra 



2 GERBES AND PERIODIZATION 



14 



2.2.4 It follows from Lemma |2.6| that Dq is compatible with pull-back diagrams. 
In fact, consider a cartesian diagram 




Then we have the commutative diagram 

g*oRf*of*—^ 

a*D G 

g*oRf m of*^Rflo(f')*og* 



D G ,og* 



2.2.5 We compute the action of Dq in the case of the trivial gerbe / : G — > * and 
the sheaf F G Sh Ab Site(*) represented by a discrete abelian group F. Note that 
Rf* /*(£) is an object of 7>+(Sh Ab Site(*)). We get an object Rf* o /*(£)(*) G 
Z} + (Ab) be evaluation at the object (* — > *) G Site(*). 

Lemma 2.10. There exists an isomorphism 

H*(Rf*or(F)(*))^F®Z[[z}\ , 
where deg(z) = 2. On cohomology the transformation Dq is given by Dq = id® 

Proof. We choose a lift * —>■ G. Forming iterated fibre products we get a simplicial 

space 

■■■*Xq*Xq*Xq*— > * Xq * Xq * — > * Xq * — . 

Note that * x G * = U(l). On checks that the simplicial space is equivalent to the 
simplicial space BU(1)', the classifying space of the group U(l), 

U(l) x U(l) x U(l) -> U{1) x U(l) -> 17(1) -> * . 

Let (£/" — > *) G Site(*). If H G Sh Ab G, then we consider an injective resolution 
— > if — > J'. The evaluation /'([/ x i?f/(l)') gives a cosimplicial complex, and after 
normalization, a double complex. Its total complex represents Rf*(H)(U — > *) 
(see PSS07 , Lemma 2.41] for a proof of the corresponding statement in the smooth 
context). We calculate the cohomology of Rf*(H){U — > *) using the associated 
spectral sequence. Its second page has the form 

e ps ^ H p^j x BU(l) q ;H) . 

We now specialize to the sheaf H = f*(F_) = F G , where F is a discrete abelian 
group, and U — *. In this case the spectral sequence is the usual spectral sequence 
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which calculates the co homology of the realization of the simplicial space BU(1)' 
with coefficients in F. Note that H*(BU(1);Z) = Z[[z]] as rings with deg(z) = 2. 
Since it is torsion free as an abelian group we get 

H*(R*f* o /*(£)(*)) = F ®H*(BU(l);Z) ^ F ®Z[[z\\ . 

In a similar manner we calculate Rf* o Rp* o p* o f*(F_)(*). Its cohomology is 
H*(T 2 x BC/(1); F), hence we have 

H*(Rf*oR Ps ,o P *of*(F)(*))9±F®H*(T 2 x M/(l); Z) ^ F ® A(u, v) ® Z[[*]] , 
where h,d6 if 1 (T 2 ,Z) are the canonical generators. 

For every topological group T we have a natural map T — > fi(7?r). By adjointness 
we get a map c : Z/ (1) x T — > U(l) A T — > 7?I\ We will need a simplicial model 
c' of this map. We consider the standard simplicial model §' of U(l) with two 
non-degenerate simplices, one in degree 0, and one in degree 1. Then §' x T is a 
simplicial model of U(l) x 17 It suffices to describe the map c on the non-degenerate 
part of §' x T. The component c° maps S>° x T to the base point * of BT . The 
component c 1 is the natural identification of the non-degenerate copy of V C S 1 x V 
with T = BY 1 . 

We now specialize to the case V = £7(1). We get a map c : T 2 = Z7"(l) x (/(l) — > 
BU(1), or on the simplicial level, a map c' : §' x £7(1) — > BU(1)'. We have 
H*(BU(1);Z) = Z[[z\] with 2; od degree 2, and one checks that m; = c*(z) G 
H 2 (T 2 ; Z) (after choosing an appropriate basis u, v G J7 1 (T 2 ; Z)). 
Note that BU(1)' is a simplicial abelian group. The discussion above shows that 
the automorphism <p\ G — > G in (|2.8|) with X = * and classified by m> G H 2 (T 2 ; Z) 



can be arranged such that it induces an automorphism of bundles of _B?7(l)'-torsors 
S- x U(l) x BU(iy fef?^iWf) x [j^) x _ (2.11) 



S' x £7(1) 

Under this isomorphism the action of 

0* : H*(Rf* o Rp^op* o /*(£)(*)) -> o op* o /*(£)(*)) (2.12) 

is induced by 2 w z + wf, it 1— > u, v 1— ► In order to see this note that m*(z) = 
z 1 + z 2 , where m : BU{1) x BU(l) -> ££7(1) is the multiplication, and H*{BU{\) x 
7?£7(1);Z) = 1i[[zi,Z2]]- After realization the map 0' leads to the composition 

T x £17(1) 1 T A J T x BU(1) x £[/(!) T x F£7(l) 
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which maps 

(id T 2 xm)* ((id T 2 5 c) X id)* 

Z I — > Zi + z 2 i— > W + 2 . 
In cohomology of the evaluations at the point the integration map 

[:Rf*o Rp* o p* o /*(£) - Rf, o /*(£) 
induces the map F ® A(u, v) £g> Z[[z]] — ► F <g> Z[[z]] which takes the coefficient at itu . 



This implies the assertions of Lemma 2.10 



□ 



2.3 Identification of the transformation Dq in the smooth 

case 



2.3. 1 In this subsection we work in the context of IIBSS071I of manifolds and smooth 



stacks. It can be considered as a supplement to ||BSS07|| concerning the transforma- 
tion Dq introduced in Definition |2.9| which can be defined in the smooth context in 
a parallel manner. 

If X is a smooth stack, then Qx denotes the sheaf of de Rham complexes on X. 
It associates to (U — > X) G X the de Rham complex Qx{U — ► X) := of 
the manifold U. Note that in this subsection X denotes the site of a smooth stack 
introduced in |[BSS07|| . 

If uj G Q X (X) is a closed 3- form, then we form the sheaf of twisted de Rham 
complexes ^[[z]]^. Its evaluation at (U — ► X) G X is the complex n_ x -[[ / z]] w (C/' — > 
X) := n(?7)[[z]] = n(?7) ®z Z[[z\\ with differential + uj£. In this formula the 
form uj acts by wedge multiplication with the pull-back of uj to U. 
Let /: G — > X be a gerbe with band £7(1) over a smooth manifold X. The choice 
of a gerbe connection determines a closed 3-form uj G Q|-(X) which represents the 
Dixmier-Douady class of the gerbe. By ||BSS07| , Theorem 1.1] we have an isomor- 
phism 

RfJ*R x ^n x [[z]l (2.13) 

in the derived category _D + (Sh Ab X). 
2.3.2 

Theorem 2.14. We have a commutative diagram 



Rhtl 



(2.13) 



jL 

d z 



Rf*f*Ex * 



(2.13) 



n x [[z]] u . 
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Proof. The isomorphism ( |2.13| ) was constructed in [BSSOT] , Section 3] using a par 



ticular model of -R/*/*(K. x ). We first recall its construction. Let A — > G be an 
atlas. For {U — > X) G X we form the simplicial object (A u — > G) G G A ° P with nth 
piece 

A^:=Ax G ---x G Ax x U^G . 



n+1 factors 



The boundaries and degenerations are given by the projections and diagonals as 
usual. 

If F G C + (Pr Ab G) is a lower-bounded complex of presheaves, then we form the 
simplicial complex of presheaves (U — > X) f— > Fi^A'jj — > G). We let Ca(F) G 
C + (Pr Ab X) denote the presheaf of associated total complexes. Sometimes we will 
write C r 2 ,n (F) for the summand of bidegree (m, n), where the first entry m denotes 
the cosimplicial degree. 

If F is a complex of flabby sheaves, then by [ |BSS07| , Lemma 2.41] we have a natural 
isomorphism Rf*(F) = Ca(F). Here we use in particular that the functor Ca 
preserves sheaves. 

Note that the resolution R G — > Qq of the constant sheaf with value 1R by the sheaf of 
de Rham complexes is a flabby resolution (see [ |BSS07| , Subsection 3.1]). Therefore 



we have a natural isomorphism -R/*(K. G ) = Ca(^g)- 
We choose an atlas A — >• X given by the disjoint union of a collection of open subsets 
of X such that there exists a lift in 

G ■ 
A- — -X 

This lift is an atlas A —>■ G of G. We furthermore choose a connection datum 
(a, f3) G fl 1 (A x c A) x Q 2 (A). The one-form a is a connection of the ?7(l)-principal 
bundle A x G A — ► A Xx A. It is related with the two-form f3 by ddRCt = 5(3. This 
equation implies that SddnP = so that ddR/3 assembles to a uniquely determined 
closed form u> G Q X (X) (compare ||BSS07] , Section 3.2]). The 3-form u> represents 
the Dixmir-Douady class of the gerbe G — ► X and will be used for twisting the de 
Rham complex. 

The isomorphism ( |2.13|) is given by an explicit quasi-isomorphism 

n x [[z\l ^ c A (n G ) . (2.15) 

Note that an d Ca{^g) are sheaves of associative DG-algebras central over 

the sheaf of .DC-algebras fix, and that z generates f2x[[^]]w The quasi-isomorphism 
(|2.15|) is the unique morphism of sheaves of associative -DG-algebras, central over 
fix, with 

z i * (a, (3) G Cf(fl G ){X) ®Cf(fl G )(X) . 
For more details we refer to [ [BSS07| , Subsection 3.2] 
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2.3.3 For i = 1, . . . ,n there are [/(l)-principal bundle structures 

Pi : A x G ■ ■ ■ x G A -> A x G • •• x G A x x A x G ■ ■■ x G A . 

V V ' V v ' V «, ' 

factors i factors n—i+l factors 

Furthermore, we have embeddings 

ji : Ax G ■ ■■ x G A^ Ax G ■ ■■ x G Ax x Ax G ■ ■■ x G A 

v ' N «, ' N v ' 

n factors i factors n—i+l factors 

given by 

ji := id A ■ ■ ■ x id A x A A x id A ■ ■ ■ x id A , 

N v ' N v ' 

i— 1 factors n—i factors 

where A : A — > Ax x A is the diagonal. 

If {U — > X) G X, then the maps and ji induce similar maps on the product 
■ ■ ■ x x U of these manifolds over X with U which we denote by the same symbols. 
For i — 1, . . . , n we define the map of degree —1 

Vi : n(A^) ^ niA^- 1 ) 

as the composition of the integration over the fibre of Pi with the pull-back along ji, 
i.e. Vi := j* o J* . Since the construction of t>j is natural with respect to U we can 

view Vi as a morphism of sheaves C^' m (Q G ) — > C^ _1 ' m_1 (fi G ). We define the family 
of morphisms 

n 

D n ■= ^T(-i)^ : cr(n G ) - cr 1 '*" 1 ^) 
i=i 

and let -D : Ca(^g) - > C A (Q G ) be the endomorphism of sheaves of degree —2 given 
by D n in bidegree (n, *). 

Lemma 2.16. TTie map L> : Ca(^g) - ► Ca(^g) ^ s a derivation of Q x -modules. 
Proof. Note that u,- commutes with the de Rham differential. Moreover, if 

q k : A x G ■■ ■ x G A -> A x G • •• x G A 

v ' N «, ' 

n+1 factors n factors 

is the projection which leaves out the k-th factor (k — 0, . . . , n), then we have the 
relations 

Vjq* k = ql_ x Vj, j <k 

ml = <ilvj-u j > k + i 

Uj9fc = 0> j = k,k + l. 
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Observe that in the last case qk factors over the bundle which is used for the integra- 
tion in the definition of v\. or Vk+i, and the compostion of a pullback along a bundle 
projection followed by an integration along the same bundle projection vanishes. 
These relations imply by a direct calculation that D is a chain map for the Cech-de 
Rham differential of Ca{^g)- 

Moreover, it follows immediately from the definition of D that it is fix-linear (even 
fi^-linear). 

It is again a straightforward calculation to verify that D is a derivation for that 
associative product on Ca(^g) (compare [|BSS07| , 2.4.9] for the product structure). 
2.3.5 

Lemma 2.17. We have a commutative diagram 



(6.1 



c a (q g ) 



_d_ 

d Z 



D 



fi 



x \z 



(2.15) 



c A {yt 



G 



Proof. Since a is the connection one- form of a {7(l)-connection on the total space of 
the [/(l)-principal bundle p\ : A x G A — > A x x A we have f ot = 1. Consequently, 
D(a, 0) = 1. This implies the assertion, since D and 4- are fix-linear derivation, 
and z generates n 
In view of Lemma [2.17| , in order to finish the proof of Theorem |2.14| is suffices to 
show that the operation D coincies with the operation of J o0* op* on Ca{^g)- 
2.3.6 Let M' be a simplicial manifold and consider the bundle {7(1) x M' — > M' . 
We describe the integration map 



: n(u(i) x M') -> n(M') 



in the simplicial picture, i.e. as a map 



: fi(S' x M') fi(Af 



For n > 1 the manifolds § n x M™ consists of n copies <Ji(M™), . . . , o" n (M n ) of M n 
which correspond to the points of § n which are degenerations of the non-degenerated 
point of S 1 (where the index measures which 1-simplex in the boundary is non- 
degenerate), and an additional copy of M n corresponding the point of S n which is the 
degeneration of the point in S°. For k = 1, . . . , n + 1 let jk '■ M n — > § n+1 x M n+1 be 
the map M n — > o~k(M n+1 ) C § n+1 x M n+1 , which corresponds the kth degeneration 
[n + 1] — > [n]. We now define a chain map of total complexes 



j : fi(S" x M') -> fi(Af) 
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of degree —1 which is given by 

71+1 

^(-l) fc j fe * : Q(S n+1 x M n+1 ) -> fi(M n ) , (2.18) 



fc=i 



and is zero on f2(S>° x M°). This map realizes the integration in the simplicial 
picture. 

2.3. 7 For (£7 — ► X) G X the automorphism of gerbes : T 2 x G — > T 2 x G induces 
an automorphism of simplicial sets 



V : §' x £7(1) x A v -> §■ x £7(1) x A 



which we now describe explicitly by an extension of the special case ( 2.11]) to general 
base spaces. 

If t G § n x £7(1) belongs to £7(1) ^(£7(1)) cS"x £7(1), fc = l,...,n, then 
<j)'(t,a) = (t,mk(t,a)), where rrik : £^(1) x AJ} — ► Ag- is the action of £7(1) on the 
principal fibration p^. If t G § n x £7(1) belongs to the degeneration of §° x £7(1), 
then 4>'(t, a) = {t, a). This formula provides a simplicial description of the action of 

■xC/(i)xA (0 G ) . 

Combining the description of the integration map ( |2.18| ) with this formula for the 
action of 0* it is now straightforward to show the equality of maps 



D= f o<p*op* :C A (Q G )^C A (Q G ) . 
Jp 



□ 



2.4 Two-periodization — up to isomorphism 

2.4.1 Let / : G — > X be a topological gerbe with band £7 (1) over a locally compact 
stack X. In Definition |2.9| we have constructed a natural endomorphism D G G 
End(Rf*of*) of degree —2. To any object F G .D + (Sh Ab X) we associate the inductive 
system 

S G (F): Rf, o f*(F) & Rf, o f*(F)[2] & Rf* o /*(F)[4] ( 2 .19) 
indexed by {0, 1, 2 . . . }. 

Using the inclusion _D + (Sh Ab X) — > _D(Sh Ab X) of the lower-bounded into the un- 
bounded derived category of sheaves of abelian groups on X we can consider S G (F) G 
-D(Sh Ab X) N ° P , where the ordered set of integers N is considered as a category. 
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2.4-2 Using the triangulated structure of _D(Sh Ab X) one can define for each ob- 
ject S G D(Sh Ab X) N ° P an object holim 5 G .D(Sh Ab X) which is unique up to non- 
canonical isomorphism (see |[Nee01|| ). An explicit construction of this homotopy 



limit uses the extension of maps in /}(Sh Ab X) to exact triangles by a mapping cy- 
clinder construction. In particular, we obtain holim S G (F) by the extension to a 
triangle of the map 1 — D in 



holim S G (F) - ]jRf* o f*(F)[2i] X -4 Y[Rf. o f(F)[2{\ -> holim S G (F)[1] 



l-D 

i>0 i>0 

where 



D: ]jRf*o f*(F)[2i] ^]jRf*o f*(F)[2i 



i>0 i>0 

maps the sequence (xj)i>o to the sequence (D G Xi + i)i>Q. 

2-4-3 We can now define the periodization Pg{F) G D(Sh Ab X) of an object F G 
D+(Sh Ab X). 

Definition 2.20. For F G D + (Sh Ab X) we define P G (F) G £>(Sh Ab X) by 

P G {F) := holim S G {F) . 

Note that P G (F) is well-defined up to non-canonical isomorphism. 
2-4-4 The operator 

l[D G ]jRf*o f*(F) [2i] -> (n^o/*(F)[2i])[-2] 

j>0 j>0 i>0 

commutes with D and therefore induces a map W: P G {F) — > P G (F)[—2] via an 
extension in the diagram 

p g (f) ^ ru Rf* ° \n — - rL> ru ° / w \n pqW w 



w 



n i>0 d g 



P G (F)[-2] — (Yli> Rf* o /*(F)[2z])[-2] dl^oi?/. ° /*(^)[2i])[-2] -P G (F) 

Note that such an extension exists by the axioms of a triangulated category, but it 
might not be unique. 

The following proposition asserts that P G {F) is two-periodic. 
Proposition 2.21. The map W: P G {F) — > P G (F)[— 2} is an isomorphism. 



w 

l][-2] 
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Proof. For notational convenience, we consider the following general situation. Let 
D(A) be the unbounded derived category of a Grothendieck abelian category. Note 
that Sh Ab (X) is such a category (see Section |3. 3. 1| ). We consider an object X e D(A) 
together with a morphism D : X — > X[— 2]. We can assume that D is represented 
by a map of complexes D : X — > X[— 2]. We obtain the extension 1 — Z) to a triangle 

i>0 i>0 

where F := Ui>o X l 2i } © (IL>o ^NM 1 ] with the differential 

, ( d 1 - b 
6:= [o -d 

where d is the differential of X. The induced map W :Y —> Y[— 2] is given by 





W : 







Let 



E: l[X[2i] ^ (l[X[2i])[2] 



i>0 



i>0 



be the shift £7(xj)j>Q := (xj + i)i>o. Note that E commutes with l—D, too. Therefore 
we obtain the extension S : F — > F[2] in the diagram 



F 



l-£> 



n*>o^[2«i 



F 



F 



dIi>o^[2i])[2] — (n,:>o^^])[2] — F[l][2] 



by the matrix 



S :-- 



E 
E 



Proposition [2.21| is a consequence of the following Lemma. 
Lemma 2.23. We have the equalities W o S = id = S oW. 

Proof. First observe that H i>0 DoE = D = EoH i>0 D. Therefore WoS = SoW 
^ Q ) . In order to show that W o S = id we show that the map 



D 

o b 
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on Y is nomotopic to the identity and therefore is equal to the identity in the derived 
category. This follows from 

1-1 = So J + J o5 

with 




2.4-5 We continue with the notation introduced in the proof of Proposition [2. 21 



Applying a homological functor to the triangle ( |2.22| ) we get the long exact sequence 
► H*(Y) ^Y[H*(X[2t}) ^Y[H*(X[2t}) -> H*(Y[1}) -> . 

i>0 i>0 

If we analyse the middle map and compare it with the ordinary definition of limits 
in abelian categories we get the following result. 

Corollary 2.24. We have an exact sequence: 

-> ]im 1 .H'*(.X'[2i])[-l] -> /T(Y) -> limiP(X[2i]) -> . 

i ' i 

2-4-6 Note that the construction 

holim : D(Af° P -> 

is not a functor. The construction of the homotopy limit holim (S) for 5 G 

via mapping cylinders uses explicit representatives of the maps of the system S and 

depends non-trivially on this choice. 

A homotopy limit functor holim : D(A n ° P ) — > D(A) can be defined as the right- 
derived functor of lim: A 9 ° P — > A. Note that in the domain we take the derived 
category of the abelian category of N op -diagrams in A as opposed to N op -diagrams 
in the derived category of A. In Section |3| we will use this idea and refine Pq to a 
periodization functor 

P G : D + (Sh Ab X) -> D(Sh, h X) 

which is a triangulated functor and natural in G — > X. The main idea is the 
construction of a refinement of the diagram ( |2.19| ) to a diagram in _D((Sh Ab X) N ° P ), 
see [3.4. 6| (the details are in fact more complicated). 
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2.5 Calculations 



2.5.1 In this subsection we calculate Pg{E) m the special case, where G — > * is the 
(trivial) [/(l)-gerbe over the point, and F G Sh Ab Site(*) is the sheaf represented 
by a discrete abelian group F. We will calculate the abelian group H*(*; P G (F)). 
This cohomology is two-periodic so that we only have to distinguish the even and 
the odd-degree case. In the table below A^ denotes the group of finite adeles of Q, 
which containes Q via the diagonal embedding. 

Proposition 2.25. We have the following table for the cohomology H*(*; P G (F_)). 



F 


H™(*;P G (F)) 


H° M {*;P G {F)) 


Z 





Ay/Q 


Q 


Q 





Z/nZ 








Q/Z 


A? 






2. 5. 2 To prove Proposition |2.25| , we use the exact sequence |2.24j where 
H*(X) = #*(*; Rf, o /*(£)) = F ® Z[[z]] = F[[z}} 



by Lemma [2.10| with z of degree 2. We must discuss the cohomology of the complex 

o^UFMm^UFMm^o, 



i>0 



i>0 



where D(xi)i> = (D G x i+ i)i>o with D G = j-. This means that we have to study 
the solution theory for the system 



d 

-j-Xi+l 

az 



i > , Xi G F[[z}} . 



(2.26) 



2.5.3 Let us start with the case F = Q. Since we can divide by arbitrary integers 
the operator D G is surjective and we can for any (a*)i e N solve this system inductively. 
Therefore the cokernel limj Q[u] of 1 — D is trivial. A solution of the homogeneous 
system is uniquely determined by the choice of Xq and the constant terms of the Xj, 
% > 1. Note that the constant term of is in degree — 2i. It follows that 



H ev (*\P, 



G 



H odd (*;P G 



. 



2.5.4 We now discuss torsion coefficients F = Z/nZ. Write x^ = ^Xi^z 11 , a, 
Y2 a i,kZ k with Xik, G Z/nZ. Then we have to solve 

x l:k z k - (k + l)x i+1:k+l z k = a i,kZ k Vz > 0. 



k=0 



k=0 
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Equating coefficients this system decouples into finite systems 

%%,kn [kn + l)Xj_|_i i fcn+l = a i,kn 
x i,kn+l ~~ (kfl + 2)Xj + i j fc n+ 2 = &i,kn+l 



Xi,kn+n-2 ~ {kn + n — ljXi+i^n+n-l — a i,kn+n+2 
■Ei,kn+n—l—r (kn -\- 7T.)Xj_|_i / cn _|_ n @>ikn-\-ri—l j 

V v ' 

=0 

where i, k > 0. We see that we can always solve this system uniquely by backwards 
induction. We get 

H ev (*; P G ( Z/nZ )) , P 0fM (*; P g ( Z/wZ )) = . 

2.5.5 Let us now assume that F = Q/Z. Since this group is divisible we can solve 
the system ( |2.26| ) for every (a«)j e N- It follows that 



PT otM (*;P G (Q/Z)) = . 

We now discuss the solution of the homogeneous system in degree 0. We can choose 
xq arbitrary. If we have found Xi for i — 0, . . . , n — 1, then we must solve x n —\ nx n 
in the next step. We see that x n is well-defined up to the image of Z/nZ = n _1 Z/Z C 
Q/Z. We see that H ev (*; P G (Q/Z)) admits a sequence of quotients 

H ev (*- p g (q/z)) -> — ► g n -> g"- 1 -> — > g° 

where g™ = Q/Z and g n — > g™ _1 is given by multiplication with n for all n € N. 
The limit 

A^ = lim(Q/n!Z) 

nSN 

is the ring Aj of finite adeles of Q, and Q C Aj is a subgroup. We thus get 

P e >;P G (Q/Z))=A^. 



2.5.6 Finally assume that F = Z. We must again consider the system ( 2.26|) 



of equations above. Let us discuss this system in degree 2r. Then the relevant 
coefficients of Xi and a, are sequences of integers, and (writing out only these) 
dxi + i = (r + i + l)xi + \. We see that the homogeneous equation has only the trivial 
solution since otherwise the integer xq must be divisible by n + i + 1 for alH > 0. 
Hence 

H ev (*; P G (Z)) = . 
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In order to calculate H odd (*; P G (Z)) we consider the exact sequence 

-> Z -> Q -> Q/Z -> . 

It gives rise to an exact sequence of sheaves 

-> Z -> O -> O/Z -> . 



and a long exact cohomology sequence. In Section [T4] we will construct a func- 
torial version of P G which is a triangulated functor, and which coincides with the 
isomorphism class constructed above. Using this functor, we get a triangle 

P G (Z) - P G (Q) - P G (Q/Z) - P G (Z)[1] 

and therefore a long exact cohomology sequence 

H *(*; P G (Z)) ^ P*(* ; P G (Q)) P*(* ; P G (Q/Z)) ^ P*(*; P G (Z))[1] . 

By the calculations for Q and Q/Z we get exact sequences 

-»• Q A Aj -> P odd (* ; P G (Z)) -> , 

where c is the canonical embedding. Therefore 

H odd {*; P G {F)) ^Aj/Q. 

□ 



3 Functorial periodization 
3.1 Flabby resolutions 

S.i.i Let X be a site, e.g. the site of a locally compact stack. For U G X let r := 
(Ui — > U) i( zj G covx(t^) be a covering family. Then we consider V := |J ig/ Ui — > P. 
Forming iterated fibre products we obtain a simplicial object V' in X with 

v v ' 

n+l factors 

If P G PrX is a presheaf on X, then we form the cosimplicial set C'(r, P) := P(V'). 
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3.1.2 If F is a presheaf of abelian groups, then we form the Cech complex C(t, F) 
which is the chain complex associated to the cosimplicial abelian group C'(t,F). 
If F is a sheaf, then H°C(t,F) = F(U). We recall the following definition (see 
lam94| , Definition 3.5.1]). 



Definition 3.1 (see 3.5.1, [ Tam94|| ). A sheaf F G Sh Ab X is called flabby if for all 



U G X andr G cov x (U) we have H l C(r, F) = for alli>\. 

By |[Tam94| , Cor. 3.5.3] a sheaf F G Sh Ab X is flabby if and only if R k i(F) = for all 



k > 1, where i : Sh Ab X — > Pr Ab X is the inclusion of sheaves into presheaves. 
As an immediate consequence of the definition a sheaf F G Sh Ab X is flabby if and 
only if the restriction Fjj of F to the site (U) is flabby for all (U — > X) G X (see 
|6.1.14| for the notation). 

3.1.3 Let now X be a locally compact stack and X be the site of X. Occasionally, 
in the present paper we need the stronger notion of a flasque sheaf. 

Definition 3.2. A sheaf F G Sh Ab X is called flasque if for every (U — ► X) G X and 

open subset V C U the restriction F(U — ► X) — > F(V — ► X) is surjective. 

In the literature, e.g. in |[KS94|| or ||Bre97|| , this is used as the definition of flabbyness. 



Lemma 3.3. A flasque sheaf is flabby. 

Proof. For U G X let IV : Sh Ab X -> Ab be the section functor F h+ r^F) := F{U). 
For FCf/we have ry(F;/) = Yy{F). A sheaf F G Sh Ab X is flasque by definition if 
and only if Fjj is flasque for all U G X. But a flasque sheaf is Ty-acyclic for every 
V C U by ||Bre97| , Ch. 2, Thm. 5.4] (note that in this reference our flasque is called 



flabby). By [ |l'am94| , Cor. 3.5.3] it is flabby in the sense of |3.1| . 



This argument shows that Fjj is flabby for all (U — > X) G X and implies that F 
itself is flabby. □ 



We do not know if the converse of Lemma |3.3j is true. Therefore we must be careful 
when using results from the literature. 

3.1.4 

Lemma 3.4. If f : X — > Y is a representable map of locally compact stacks, then a 
flabby sheaf is f ^-acyclic. 

Proof. Let F G Sh Ab X be a flabby sheaf. We must show that R k f*(F) = for 
all k > 1. We have a morphism of sites /" : Y — > X, see |6.10| . The functor 
p /* : PrX — > PrY is given by p f*F := F o f'K It is in particular exact. Therefore we 
have Rf* = fto p f*oRi. Since a flabby sheaf is i-acyclic we conclude that R k i(F) = 
for k > 1. This implies R k f*(F) = for k > 1. □ 
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3.1.5 

Lemma 3.5. // a morphism f:X—>Yof locally compact stacks has local sections, 
then the functor f* : Sh Ab Y — ► Sh Ab X preserves flabby sheaves. 

Proof. Let F G Sh Ab Y be flabby. We consider an object (U — > X) G X and a 
covering family r G covx(f )• Then we must show that the higher cohomology 
groups of C(r, f*F) vanish. 



We obtain a covering family far G covy(/j{7), see Let V' be the simplicial 

object associated to r as in Since /j preserves fibre products in the sense of 

[Tam94| , 1.2.2(ii)] we see that /jV' is the simplicial object in Y associated to /jr. 



The rule f*F(U) = F(f$U) (see again |Q . 1 1| ) gives the isomorphism of cosimplicial 
sets f*F(V ) = F(fyV') and hence an isomorphism of complexes 

C(rJ*F) = C(f t r,F) . 

Since F is flabby the higher cohomology groups of the right-hand side vanish. □ 

3.1.6 We now construct a canonical flabby resolution functor 

Tl: Sh Ab X -> C+(Sh Ab X) , id -> .FZ . 

It associates to a F a sort of Godement resolution which consists in fact of flasque 
sheaves. 

For a space U let ([/) denote the site of open subsets of U with the topology of open 
coverings. We will first construct flabby resolution functors 

Tl v : Sh Ab ([/) -> C+(Sh Ab ([/)) , id -> 

for all (U — > X) G X which are compatible with the morphisms V — > U in X. For 
F G Sh Ab X we obtain a collection of flabby resolutions (Fy — > ^ r i[/(i 7 c/))aex, which 
by |6.1.14| give rise to a resolution F — > Tl(F). In the following we discuss these 



steps in detail. 

3.1.7 Let U — > Z7 be the identity map, where {7 is the set [/ with the discrete 
topology. Let F G Sh Ab ([7). We set Fl^F) := (pu)*°Pu(F) and let F -> ^(F) 
be given by the unit id — > (py)* ° P^- 

Lemma 3.6. The sequence — > F — > (py)* °P*ijF is exact. 

Proof. Let w <E U. We must show that the induced map on stalks F m — > ((pt/)* ° 
pljF) w is injective. This immediately follows from the description 

((Pt/)* °P*u F )w = colim^gH/cr/ ]~J F, . 



□ 
□ 
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3.1.8 We now construct Tlu{F) inductively. Assume that we have already con- 
structed F7^(F) -> ► Flu{F). Then we let 

n k v + \F) := fa). o^(coker(^^ 1 (F) - FZ* (F)) 

and FZ^(F) -> jF/^ +1 (F) be again given by 

FZ* (F) -> coker (FZ^F) -> FZ*))) "4* FZ*) +1 (F) . 

In this way we construct an exact complex 

_> F - FZ^F) — > FZ^(F) FZ* (F) - . . . . 

All pieces of the construction are functorial. Hence, the association F > FZ[/(F) 
is functorial in F. The inclusion F — > FZ^(F) gives the natural transformation 
id — ► FZ;y. 

Lemma 3.7. For any sheaf F G Sh Ab (F) £/ie s/iea/ (pc/)* ° Pu(F) is flasque and 
flabby. 

Proof. For C [/ we have 

(pu)*o Pu (F)(W)9i 11 F w (3.8) 

It is now obvious that (pu)* Pu(F)(U) — > (pc/)* °P^(F)(W / ) is surjective. A flasque 
sheaf is flabby by Lemma |3.3|. □ 



3.1.10 We now consider a sheaf F G Sh Ab X. For (F -> X) let F v G Sh Ah {U) 
denote its restriction to (U). We apply the previous construction to all objects 
(U — > X) G X and the sheaves Fjj. Then we get a collection of complexes of sheaves 
Flu{Fu) for all (U — > X) G X. Let /: V -» C/ be a morphism in X. We shall 
construct a functorial morphism /*FZ[/(F[/) — > FZy(Fy). 

Let G G Sh(C/), F G Sh(V), and f*G — > F be a morphism of sheaves. We consider 
the diagram 

- / ~ 
V ^[/ • 




It induces the transformation, natural in G and F, 

f*°(Pu)*°Pu(G) - (Pv)*of*o Pu (G) 
= (pv)*op* v of*(G) 
- (pv)*op^(F) 
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We now construct the map f*J-lu{Fu) — * J~W(Fv) of complexes inductively. As- 
sume that we have already constructed the morphisms f*(J 7 l\ J (Fu)) — > -7-7y(.FV) 
for alH < k compatible with the differential. Using that /* is right exact (Lemma 
|6.1.9| ), we have an induced morphism 



rcoker^" 1 ^) - nUFu)) - coker^ 1 ^) - Tl k v {F v )). 

The construction above gives a morphism /* J 7 l k ^ 1 (F u ) — > jF/y +1 (Fy), again com- 
patible with the differential of the complexes. 

In this way we get the morphism f*Tlu(Fu) — > J-'lv(Fy). By an inspection of the 
construction we check that for a second morphism g : W — > V in X the morphisms 
g*f*J 7 u(F u ) -> g*M F v) -> JV(iV) and (/ o ^)*^(^) -> -M^w) coincide. 
The collections of resolutions Fjj — > Tlu(Fu), (U X) G X, determines a resolu- 
tion F -> .H(F) in C+(Sh Ab X). 
3.1.11 

Lemma 3.9. The association F i— > (F — > Tl(F)) is a functorial flabby resolution. 

Proof. The local constructions i— > J 7 lu(Fu) are functorial in i^. The connecting 
maps f*J 7 ljj(F u ) — > jF/y(Fy) are compatible with this functoriality. It follows that 
the construction F — > J 7 1(F) is functorial in F. 

The restrictions ShX — > Sh([7) detect flabbyness and exact sequences (see |6.1.14j) . 
Therefore the local statements |3]6| and |T7| imply that the sequence — > F — > J 7 1(F) 
is a quasi-isomorphism, and that the sheaves Tl k (F) are flabby for all > 0. □ 

Definition 3.10. We call F — > !Fl(F) the functorial flabby resolution of F. 
Note that it actually produces resolutions by flasque sheaves. 

3.1.12 Let / : X — > Y be a map of locally compact stacks which has local sections. 
Let JF/x and TIy denote the flabby resolution functors for X and Y according to 
Definition 3. 10| . 



Lemma 3.11. We have a natural isomorphism of functors f* o JF/ Y = JF/ X o /*. 

Proof. For (U — ► X) G X we have by |6.1.11| a natural isomorphism f*Fjj = F^jj 
It gives natural isomorphisms J 7 lu((f*F)u) — Flf»u(Ff t u) and thus J 7 lx(f*F)u 
(f*J 7 W)u- Finally this collection of isomorphisms gives a natural isomorphism 

n*(f*F) = rn Y (F) . 

□ 
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3.1.13 



Lemma 3.12. The functorial flabby resolution functor preserves flatness. 

Proof. Consider a space U, p : U — > U as above and a flat sheaf F G Sh Ab ([/). Then 
coker(F — > p*p*(F)) is flat as shown in the proof of ||KS94| , Lemma 3.1.4]. This 
implies inductively that the sheaves !Fl^j{F) are flat for all > 0. The result for 
the functorial flabby resolution functor on Sh Ab X now follows from the fact that the 
restriction functors Sh Ab X — > Sh Ab (£7) detect flatness (see |6.2.6|) . 



□ 



3.1.14 We can extend the flabby resolution functor |3.10| to a quasi- isomorphism 
preserving functor 

Tl: C+(Sh Ab X) ^C+(Sh Ab X) 

by applying Tl to a complex termwise and forming the total complex of the resulting 
double complex. 



3.2 A model for the push-forward 



3.2.1 Let /: G — > X be a morphism of locally compact stacks which has local 
sections. Following ||BSS07| , Sec. 2.4] we construct a nice model for the functor 
Rft o /*: D+(Sh Ab X) -> D+(Sh Ab X). We choose an atlas a: A —> G. Then by 
Proposition |6.1| the composition / o a : A G —>■ X is representable. Then we can 
define the functor 

p C A :C+(Pr Ab G)^C + (Pr Ab X) 

as in fBSSOT] , Sec. 2.4] (the subscript p indicates that it acts between categories of 
presheaves) . 

3.2.2 We recall the definition p Ca- For (U — > X) consider the cartesian diagram 



Gr 



U- 



G 



X 



Then for F G Pr Ab G we have 
p C k A {F)(U 



G). 



(3.13) 



X) = F(( Ax G -yX G A) x G G t 

fc+l factors 

The differential p C k A (F){U -> X) -> p C^ +1 (F)(f/ -> X) is induced as usual as an 
alternating sum by the projections 

( A x G - - - Xg_A ) -> Q4 x G - - - XgA ) . 

fc+2 factors fc+l factors 

We extend the functor P C^ to sheaves by the formula 

C A := i'o^oi. 
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3.2.3 The functor 

z»: C + (Pr Ab X) -> G+(Sh Ab X) 

is exact by |6.1.8| . The functor p Ca is exact, see |[BSS07| , 2.4.8]. Since flabby 

sheaves are z-acyclic the functor i o Tl : C + (Sh Ab X) — > C + (Pr Ab X) preserves quasi- 

isomorphisms. 

Therefore the composition 

i« o PC A o i o Tl = C A o ^ : C+(Sh Ab G) -> C + (Sh Ab X) 

preserves quasi-isomorphisms and descends to the homotopy categories Q 

C A o Tl: /iC + (Sh Ab G) -> /iC+(Sh Ab X) . 

After identification of the homotopy categories with the derived categories we have 
by IBSS07I , 2.41] that 



C A o Tl = Rf*: D + (Sh Ab G) -> D + (Sh Ab X) . 

^.i?.^ Since / ': G — > X has local sections the functor /* is exact. It therefore 
descends to 

r:/iC + (Sh Ab X)^/iC + (Sh Ab G). 

The composition 

C A oTlof* : /iC+(Sh Ab X) -> /iC + (Sh Ab X) 

thus represents 

fl/, o /* : D+(Sh Ab X) -> D + (Sh Ab X) . 

3.2.5 We now study the dependence of C A on the choice of the atlas A — > G. Let 
us consider a diagram 

A' >■ A , (3.14) 

G 




where a' satisfies the same assumptions as a (see |3.2.1| ). The map <fi induces maps 



(A Xq ■ ■ • Xg A') x G Gu iU. (A x G • • • x G A) x G Gc/ 



2 By abuse of notation we use the same symbol 
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and therefore 



p C k A (F)(U^X) = F(( Ax G - - .x G A) x G Gu^G) 

V 

fe+1 factors 

- F((A'x G ---x G A') x G G v ^G) 

V N v X 

fe+1 factors 

= p C k A ,{F)(U ^ X) . 

This map is natural in F and preserves the cosimplicial structures. In other words, 
the diagram (|3.14 ) induces a natural transformation 



p c^. p c A ^ p c A , . 

Composing with z" and i o Tl we get a morphism of functors 

C^.C A oTl^ C A > o JR: /iC+(Sh Ab G) -> /iC + (Sh Ab X) . 

Both C*a o JFZ and C^' ° ^ represent i?/*. Using the explicit constructions and the 
proof of [ B55D7 , Lemma 2.36] one checks that the diagram 



H°(C A oTl)(F) 



H°(C A ,on)(F) 



f*(F) 

commutes. Therefore, on the level of derived categories, : C A o Tl — > C A i o Tl is 
the canonical isomorphism between two realizations of Rf*. 

3.2.6 Let q: H — > G be a representable morphism with local sections. Consider 
the pullback diagram 




Then b : B - 
C+(Pr Ab X). 
Observe that 



H is an atlas, and we can form the functor Cb- C + (Pr Ab H) 
B x H ■ ■ ■ x H B (A x G ■ ■ ■ x G A) x G H . 
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For (U — > X) consider the diagram 



H ■ 

g 

G 



f 



U -X 

Observe further that 

(B x H ■ ■ ■ x H B) x H H v = (A x G ■ ■ ■ x G A) x G G v x G H . 

For a presheaf F E PrH and (V -> G) E G we have p q*(F)(V) = F(V x G H). We 
now have the following identity 

i>C k A oVq*(F)(U^X) - Pq*(F)((Ax G ..-x G A)x G G u ^G) 

V v ' 

actors 

F((( Ax G -y x G A) x G Gu) x G H^H) 

k+lf actors 

= F((Bx H ---x H B)x H Hu^H) 

^ v ' 

k+lf actors 

^ p C k B (F){U^X) 
This isomorphism is functorial in F and induces a natural isomorphism 

where we write q*A := B. 

The functor p g* preserves sheaves [ BSS07 , Lemma 2.13]. Therefore we get the iden- 
tity 

i o i* o v q^ o % = p q^ o i 

and thus an isomorphism 

C A oq^it oPC A oioi* oPq.oi^i* oPC A oPq,oi^it o p C q * A oi^ C q * A . (3.15) 
5. 2. 7 Consider a cartesian diagram 

H—^G 

9 

Y^^X 
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where u has local sections. We extend the diagram to 

B *- A . 




The map B — > H is again an atlas. 

Lemma 3.16. We have a natural isomorphism of functors 

u* o C A — Cg o v* . 
Proof. We first find a natural isomorphism 

p u * o p C A = p C B o p v*. 
Let (U -> y) G Y and F e Pr Ab G. Then we have 

p n*o^(F)(f/)=^(F)(n tt f/) . 

We have a diagram 



-He/ — G u 



U 



u 



9 



We calculate 

(A x G ■ ■ ■ x G A) x G G Us u = (Ax G --- x G A) x G H x H G Us u 

= v t (Bx H ---x H B)x H Hu 

This implies that 

p u*oC A (F)(U) = p C A (F)(u t U) 

= F((Ax G ---x G A)x G G UiU ) 

= F(v^(Bx H ---x H B)x H H u )) 

= ( p v*F)((Bx H --.x H B)x H Hu) 

= p C B o p v *(F)(U) 



Since u and v have local sections, by |6.1.11| the functors p u* and p v * commute with 
i o i* , and this isomorphism induces 

u* o Ca = C R o v* 



(compare with the calculation ( |3.15D ). 



□ 
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3. 2. 8 The isomorphisms of Lemma |3.16| and Lemma |3.11| induce an isomorphism 
u* o C A o Tl = C B o u* o Tl = C B o Tl o v* . (3.17) 
On the other hand, by Lemma |6.12| we have an isomorphism 



u* o Rf m Rg, o v* . 

Lemma 3.18. The following diagram of natural isomorphisms of functors D + (Sh Ab G) 
Z} + (Sh Ab H) commutes. 



u* o Rf* 



C B oTlo v* 



Rg* 



O V 



Proof. It is easy to check that this commutativity holds true on the level of zeroth 
cohomology sheaves. Since all functors are the derived versions of their zeroth 
cohomology functors the required commutativity follows. □ 

Corollary 3.19. The following diagram of natural isomorphisms commutes 

u*oC A oFlo f* C B onog*o u* 



Rg* ° g* ° u* 



u* o Rf m o /* 

3.3 Zig-zag diagrams and limits 

3.3.1 We define the unbounded derived category D(A) of an abelian category as 
the homotopy category hC(A) of complexes (with no restrictions) in A. 

Definition 3.20. An abelian category A with the following properties 

(1) A is cocomplete, 

(2) filtered colimits are exact, 

(3) A has a generator, i.e. there is an object Z such that for every object F with 
proper subobject F' C F , Hom(Z, F') — ► Hom(Z, F) is not surjective. 

is called a Grothendieck abelian category. 

In this section, we will consider a Grothendieck category in which countable products 
exist, e.g. a complete Grothendieck category. The category Sh Ab X of sheaves of 



abelian groups on a site X is a complete Grothendieck abelian category |[Tam94 
Chapter I, Thm. 3.2.1]. 
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Lemma 3.21. If Z is a small category and A is a Grothendieck abelian cate- 
gory in which countable products exists, then the diagram category A z is again a 
Grothendieck abelian category in which countable products exist. 



This is proved in |[lam94| , 1.4.3] 



3.3.2 We consider the category C(A) of complexes in a Grothendieck abelian cate- 
gory A. It is known that C {A) has a model category structure (see [ [HovO 1| , Theorem 



2.2] where this fact is attributed to Joyal, ||Hov99| , Thm. 2.3.12] for the example of 



the category of modules over a ring, and | |BekOO| | for a proof in general). This model 
structure is given by the following data: 

(1) The weak equivalences are the quasi-isomorphisms. 

(2) The cofibrations are the degree-wise injections. 

(3) The fibrations are defined by the right lifting property. 

By hC(A) we denote the homotopy category of C(A). The category hC(A) is trian- 
gulated with the shift functor T : hC {A) — > hC {A) given by the shift of complexes 
T(X) = X[l]. The class of distinguished triangles is generated by the mapping cone 
sequences on C(A), 

>A^B^ C{f) -> T(A) .... 

The extension of a morphism in [/] G hC(A) with choosen representative / G C(A) 

to a triangle can thus naturally be defined using the mapping cone C(f). 

3.3.3 Let A be a Grothendieck abelian category, and consider a small category 

Z. Then we have an equivalence C(A) Z = C(A Z ). Because A z is a Grothendieck 

category by Lemma |3.21| , we can equip the category of Z-diagrams C(A) Z with 

the injective model category structure. By translation of |3.3.2| we get the following 

description. 

(1) The weak equivalences are the level quasi-isomorphisms. 

(2) The cofibrations are the level injections. 

(3) The fibrations are defined by the right lifting property. 



3.3.4 We consider the category U pictured by 
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We let T>(A) C C + (A) U be the subcategory of objects of the form 

Y ^-Y 1 ^Y 2 ^—Y 3 (3.22) 

X X[-2] 

with lower bounded complexes Yi,X. A morphism in the category T>(A) is given 
by maps Yi —>■ Y-, i = 0,1, 2, 3, and X — > X' which are compatible with the 
structure maps. A quasi-isomorphism in this category is a morphism which is a 
quasi-isomorphism level wise. 
3.3.5 We let Z be the category pictured by 



Let C(A) Z be the category of Z-diagrams of complexes in A. We define a functor 

R x : V(A)^C(A) Z 
which maps the diagram (|3~22D to the Z-dia gram 




The maps are induced by the shifted maps of the diagram ( [3.22|) , and the compo- 
sition Y 3 [2k + 2] — > X[2k] — > Y Q [2k}. The functor Ri preserves quasi-isomorphisms, 
since those are defined levelwise. 
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3. 3. 6 We now define a triangulated functor 

lim: h(C(A) z ) -> hC{A) 
by a direct construction on the level of complexes. Consider a Z-diagram X G C(A) Z 



G 3 >- i? 3 

dz 



rf 2 




G >" -DQ 



We define the morphism in C(A) 



j>0 i>0 



which maps (xj)j> to (cj(a;j) — d i+ i(x i+ i))i> . Then we define lim(X) as a shifted 
cone of (fix'- 

\\m{X) := C{cfi x )[-1] E C{A) . 

Since quasi-isomorphisms in C(A) Z are defined levelwise, the functorial construction 
X — > lim X preserves quasi-isomorphisms and thus descends to a functor 

lim: h{C{A) z ) -> W7(.A) . 

Note that lim commutes with the shift and sum, so that it is a triangulated functor. 
3.3.7 We now consider the composition limo_R 1 : T>(A) — > hC(A). The composi- 
tion of the maps (or their inverses, respectively) in the diagram ( |3.22|) gives rise to 
a morphism D[— 2] : X — ► X[— 2] in hC(A). We consider the sequence 

X' : X X[2] X[A] <-.... (3.23) 



in ft,C (*4) . As already explained in [2.4| , for such a diagram in the triangulated cate- 
gory hC(A) the homotopy limit holim (X*) G hC(A) is a well-defined isomorphism 
class of objects. It is given by the mapping cone shifted by —1 of the morphism 



\\x[2i]^\{x[2i 



i>0 i>0 

which maps (xj)j> to (x» — D[2i]x i+ i)i>o ( see ||Nee01| , Sec. 1.6]). 
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Lemma 3.24. For a diagram W G T>(A) of the form (3.22) we have a non-canonical 
isomorphism 

holim(X') = limoi^W) . 

Proof. We use the dual statement of |JNee01| , Lemma 1.7.1]. For i > 1 let C 2 i-i = 
Y 3 [2i], Cii '■= Yi[2i], -621-1 : = Y 2 [2i] and B 2i := lo[2i]. Note that we have morphisms 
f i : Ci — > 5j in C(^4) which become isomorphisms in /iC(.4). Moreover, we have 
maps W2i'- C 2 i — > B^i-i coming from the map Y\ — > Y 2 of (|3.22|) , and morphisms 
w 2 i+i '■ C21+1 — > B 2 i coming from Y 3 [2] — ► X — ► Y of fl3.22| ). We consider the 
diagram in /iC(^4), using the invertibility of Vi in hC(A), 



> 



id 



n>i c, 



rij>i ^ 
rij>i Ci , 



whose vertical maps are isomorphism. By definition, the mapping cone of the upper 
horizontal map is lim oR 1 {W). Because the vertical maps are isomorhpsim in hC(A), 
this is isomorphic to the mapping cone of the lower horizontal map, which gives the 
homotopy limit of the sequence 

Y 3 [2] <- Y x [2] <- y 3 [4] <- ^[4] <- y 3 [6] .... 

We can expand this sequence to 

x <- y 3 [2] <- r 2 [2] <- n[2] <- y [2] <- x[2] <- y 3 [a] - y 2 [a] <- y x [a] <- y [a] <- x[a] 

(3.25) 

and because the sequence ( |3.23| ) is just another contraction of ( |3.25| ), by |[Nee01| , 
Lemma 1.7.1] its homotopy limit holim (X*) is then also isomorphic to lim oRx(W). 

□ 



3.4 The functorial periodization 

3.4-1 Let X be a locally compact stack. We consider the full subcategory (7 + (Sh{ b a *X) C 
C + (Sh Ab X) of lower-bounded complexes of flat sheaves. 

Lemma 3.26. This inclusion induces an equivalence of homotopy categories 

hC + {Sh{l at X) A /iC + (Sh Ab X) . 
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Proof. We first construct a functorial flat resolution functor R : Sh Ab X — > C^Shf^X). 
Note that a torsion free sheaf is flat. If F G Sh Ab X, then let F G PrX denote the 
underlying presheaf of sets. Let ZF G Pr Ab X be the presheaf of free abelian groups 
generated by F, and ZF := ^ZF be its sheafification. Then we have a natural 
evaluation ZF — > F, which extends uniquely to e : ZF — > F since F is a sheaf. 
We define F(F) to be the complex ker(e) — > ZF, where ZF is in degree zero. The 
natural map R(F) — ► F is a quasi-isomorphism. Moreover, ZF and its subsheaf 
ker(e) are torsion-free, hence flat. 

We extend R to a functor R : C + (Sh Ab X) — > C + (Sh{ b at X) by applying F objectwise 
and taking the total complex of the resulting double complex. 
The inclusion C+(Shf b a *X) -> C+(Sh Ab X) and F : C+(Sh Ab X) -> C+(Sh{^*X) in- 
duce mutually inverse functors of the homotopy categories. □ 

c?.^.^ Let /: G — » X be a topological gerbe with band C/(l) over a locally compact 
stack. Recall the associated geometry introduced in |2.2.1| . We get the diagram 
diagram 

T 2 x G 




The map p: T 2 x G — >• G is the projection onto the second factor, and m := p o 0. 
S'.^.,? Observe that p is a trivial oriented fibre bundle with fibre T 2 . Let 

— > Z Site ( T 2 xG ) — > F/(Z Site ( T 2 xG )) 



be the functorial flat and flabby resolution of Z G constructed in |3 . 1 . 1 0| , see also |3.12 
for flatness. By 

K : -> F° -> F 1 -> F 2 -> 
we denote the truncation of ^(Z Site (T 2 xG)) a ft er t ne second term, i.e. with 

F 2 := ker(F/ 2 (Z Site(T2xG) ) -> F/ 3 (Z Site(T2xG) )) . 



The complex F' is still a flat and p*-acyclic resolution of Z Site( - T 2 xG ' ) (Lemma 6.35|) . 
Let 

T: C + (Sh Ab Site(T 2 x G)) C + (Sh Ab Site(T 2 x G)) 
be the functor given on objects by 



T^.(F) :=F®K 



3 FUNCTORIAL PERIODIZATION 



42 



3.4-4 We consider the diagram 

T 2 x G 



X - 



(3.27) 

Since / o p = f o m we have by Lemma 6.99| and Corollary |6.100 isomorphisms of 
functors m* o /* = p* o /* and /* o m* = /*op,. We fix an atlas A — - > G and define 
X: C+(Sh^ ai X) -> C+(ShX) by 

X :=C A o f* oFl . 



Since / has local sections we have f*oJ r l = J r lo f* by Lemma |3.11| . It now follows 
from |3.2!4] that X = C a°J~1° f* preserves quasi-isomorphisms. It therefore descends 
to the homotopy categories and induces the functor Rf* o /* 



Lemma p. 26 



hC + {Sh{l at G) A fcC + (Sh Ab X) = D+(Sh Ab X) 



x 



3-4-5 We further form B := m*A x T 2 xG p*A. It comes with a natural morphism 
B — > m*v4 over T 2 x G which induces a transformation C m *A — > Cb- Using the unit 
id — > m* o m*, the inclusion id — > Tk , and the isomorphisms m* of* = p* o /*, and 

C m M, we define a natural transformation 



using that by |3.2.6| Ca ° rn* 

X = 



Using the other projection B 

Yi : = 



c A of*on 

Ca ° ^* ° rn* ° /* ° Tl 
Ca ° ° Tk ° wi* ° /* ° Tl 
C m * a ° TV- ° m* ° /* ° Tl 
C m * a ° TV- op* o f* ofl 
C m * A ° -FZ o TV o p* o /* o JFZ 
Cb o JF/ o TV o p* o /* o JFZ 

^ p*A we define 

Cp.A o Jlo TV op* o f* 
Cb o JF/ o TV ° P* ° f* 
Cb ° Tl o Tk- ° p* o f* o Tl 
Y . 



Using the identity C P * A — C A ° P* we define 



Yi = C V * A oTlo TV op* o f* 

= Ca° P* o JF/ o TV °P* ° f* 
— > o JF/ o o JF/ o TV- op* o f* 

=: ^2 
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Note that p* o Tk is an exact functor by Lemma |6.38| and calculates Rp* by Corollary 
|6.50[ Since p* o Tl o Tk represents the same functor the map p* o Tk — > p* o 
.7-7 o T# induces a quasi-isomorphism which is preserved by CU o JFZ. The natural 
transformation T pt x- p*° Tk op* is an isomorphism, if applied to complexes of 
flat sheaves by |6.29| . By Lemma p. 1.11 the pull-back /* preserves flatness. 
These two facts explain the quasi-isomorphisms in 

Y 3 := C A onoT PtK .of* 

^> C A ° Tl o p* o T K op* o f* 

^> Ca° Tl o p^o Fl o Tk op* o f* 

= Y 2 . 

Using the projection T Pt K ''- * id of (|6.60|) we define the natural transformation 



(3.28) 



Ca ° Tl o Tj^k- ° /* 
C A ofiof[-2] 
C A o/*o^/[-2] 

= *[-2]. 

Observe that all functors Yi preserve quasi-isomorphisms, using that /*, p*, Ca°TI, 
p* o Tk (and by Lemma |6.29| therefore also T p ^k) do so. 

3.4-6 The construction 3.4.4, |3.4.5 gives a quasi-isomorphism preserving functor 

J R :C + (Sh{fX)^P(Sh Ab X) 

(see |3.3.4| for the definition of the target). By composition with the functor Ri (see 
|3.3.5|) we get a functor 



R '. — R\ o Rq : 



(SlrTx) 



C(Sh Ab X) 



It preserves quasi-isomorphisms and therefore descends to (again using Lemma 3.2C ) 

R: D + (Sh Ab X) -> /i(C(Sh Ab X) z ) . 

5.^.7 The construction of the functor Rq explicitly depends on the choice of an 
atlas A —>■ G. These choices form a subcategory Z C Stacks/G. The choice of 
A —>■ G enters the definition via the functor C A - For the moment let us indicate the 
dependence on A in the notation and write Rq for the functor R defined with the 
choice A. 

Observe, that A — > m*A, A — > p* A and A — > m*A x T 2 xG p* A are functors 
Stacks/G — > Stacks/ (T 2 x G). The construction |3.2.5| shows that for a given 
F G -D + (Sh Ab X) the association A — > Rq(F) extends to a functor 



R -(F): Z op ^V(Sh Ab X) 



3 FUNCTORIAL PERIODIZATION 



44 



The components X = C A °Fl°t and Y l = C*oFh. . . (where * e {A,p*A, m*A, m*Ax T 2 xG 
p*A}) all involve a flabby resolution functor in front of C*. If A — > A' is a morphism 
in 2, then the transformation o Tl — > o JFZ (or the similar transformations 
for the other subscripts) produce quasi-isomorphisms by |3.2.5| . 

It follows that the functor Rq(F) : Z op — > 2)(Sh Ab X) maps all morphisms to quasi- 
isomorphisms. We now consider the composition R-(F) := R\ o R^[F): Z op — > 
h(C(Sh Ah -X) z ). 

For two objects A,5e2we consider the diagram 



Ax5 




where the fibre product is taken in Stacks/G. We consider the isomorphism 

R{A, B) := R l o (R 8 )- 1 : R A (F) -> R B (F) 
in /z(C(Sh Ab (X)) z ). Using the commutativity of the squares in the diagram 




we check that 

R(A,B)oR(B,C) = R(A,C) . 
This has the following consequence:. 

Lemma 3.29. The functor R: L> + (Sh Ab X) — > /iC((Sh Ab X) z ) is independent of the 
choice of the atlas A — > G up to canonical isomorphism. 

Consider an automorphism <fi : A ^ Am Z and observe that it induces the identity 
on the level of cohomology, i.e. H*(R^) = id. It is an interesting question whether 

is the identity. 
3.4.8 

Definition 3.30. We define the periodization functor 

P G := WmoR: D+(Sh Ab X) -> /i(C((Sh Ab X) z )) -> /iC(Sh Ab X) . 



By Lemma 3.29 it is well defind upto canonical isomorphism. 
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3.4.9 Let F G L>+(Sh Ab X). Byf5X3|X(F) = C A of*oFl{F) represents Rf*of*(F). 
The composition D[— 2]: X — > X[— 2] of the maps (or their inverses, respectively) 
in the diagram Rq{F) G £>(Sh Ab X) represents the map D G : Rf* o f*(F) — >■ iZ/* o 
2] defined in Definition |2.9| . By Lemma [3.24| we see that Pq{F ! ) (according 
to |3.30|) is isomorphic to our former Definition 2.20 of the isomorphism class Pg{F). 



3.5 Properties of the periodization functor 

3. 5. 1 The domain and the target of P G are triangulated categories. Distinguished 
triangles in both categories are all triangles which are isomorphic to mapping cone 
sequences 

...->C7(/)[-1]->x4y->C7(/)->... . 
Lemma 3.31. The functor Pq'- -D + (Sh Ab X) — > /iC(Sh Ab X) is triangulated. 

Proof. We must show that it is additive, preserves the shift, and maps distinguished 
triangles to distinguished triangles. It follows from the explicit constructions that 
the functors lim and R\ are additive and preserve the shift. The functorial flabby 
resolution Tl on sheaves is additive. On complexes of sheaves it is defined as the 
levelwise application of the flabby resolution functor composed with the total com- 
plex construction. Therefore it also commutes with the shift. All other functors 
involved in the construction of R (e.g. Ca, q*, T K ) are additive and commute with 
the shift, too. 

Since the distinguished triangles in _D + (Sh Ab X), /i(C(Sh Ab X) z ), and /iC(Sh Ab X) are 
defined as triangles which are isomorphic to mapping cyclinder sequences, and the 
latter only depend on the additive structure and the shift, we see that lim and R 
preserve triangles. □ 



3.5.2 

Lemma 3.32. For F e £> + (Sh Ab X) the object Pg(F) G /iC(Sh Ab X) is two-periodic. 



Proof. The isomorphism Pq{F)\2\ 



Pg{F) is given by the isomorphism W in 

□ 



The two periodicity will be analyized in more detail in Subsection [3]6 



3.5.3 Let u: Y — > X be a map of topological stacks which admits local sections. 
Then we consider a cartesian diagram 



H 



G 



(3.33) 



Y 



X. 
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Lemma 3.34. The diagram ( p.S^) induces an isomorphism u* o P G — > P H 



o u 



Proof. We form the pull-back of ( |3.27| ) and get the extension of the cartesian diagram 
above to 

T 2 xH^+T 2 x G ■ 



n,q 



H 



G 



Y 



X 



Since u has local sections the functor u* : Sh Ab X 
It therefore extends to functors u* : D(Sh Ab X) 



* Sh Ab Y is exact by Lemma |6.1.11 
D(Sh Ab Y 



and u*: C(Sh Ab X) z -> 
C(Sh Ab Y) z which both preserve quasi-isomorphisms. We therefore also have corre- 
sponding functors on the derived categories which will all be denoted by u*. In the 
following we are going to show that there are natural isomorphisms 

(1) u* o Ri = Ri o u* 

(2) u* o lim = limow* 

(3) u* o Rq = R Q o u* 

of functors on the level of homotopy categories. 

In fact it follows from an inspection of the construction of Ri that already u* o R 1 = 
Ri o u* on the level of functors D(Sh Ab X) — > C(Sh Ab Y) z , i.e. before descending to 
the homotopy category. Assertion (1) follows. 

Since u* : C(Sh Ab X) z — > C(Sh Ab Y) z preserves products and mapping cones we again 
have u* o lim = limou* before going to the homotopy categories. This implies (2). 
In order to see (3), using v we construct a canonical isomorphism 



u*oR$ 



Rq o u* . C + (Sh{; at X) -> P(Sh Ab Y) 



flat^ 



where we indicate the dependence of the functor Rq on the choices by a superscript 
as in p.4.7|. The atlas C — > H is given by the diagram 



C 



A 




where the upper square is also cartesian. 
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The isomorphism (3) is induced by a collection of isomorphisms indexed by the 
objects of the diagram U ( |3.3.4j) which induce a morphism of diagrams in /i£>(Sri Ab Y). 
First we have 



u* o X = u* o C A o /* o Tl 
= C c ov*of*oTl 

— Cq o g* o u* o Tl 

— Cc ° 9* ° 3~l o u* 
= Xou* 



(3.35) 



where we use Lemma 3.16 , v* o f* = g* o u* (see Lemma 6.100|) and the fact that 



the flabby resolution functor commutes with the pull-back by u, since u has local 



sections (Lemma p. 11 



Let D := n*C x T 2 xH q*C. We write K T2xG for the complex formerly denoted by 
K\ 

Next we observe that there is a canonical isomorphism w*K T2xG = K T2xH . In fact 
K' T 2 xG and K' T2xH are given by truncations of the complexes ^(^ S ite(T 2 xG)) an d 
JF/(Z Site ( T 2 x ^)). The isomorphism is induced by the fact that w* commutes with 
the flabby resolution functor, and the isomorphism 

w *^iS±te(T 2 xG) — ^Site(T 2 xff)- 



This implies by Lemma |6.23| that w* o T^- 



T 2 xG 



T K o w* 

T 2 xH 



In order to increase 



readability of the formulas we will omit the double subscript from now on and write 
T K - for both functors. Using this observation, Lemma |3.16| , and the other previously 
used isomorphisms, we get 

u* o Y ^ u* o C B o Tl o T K op* o /* oTl 
= C D ow*oFlo T K op*of*on 
^ C D oTlow*o T K - o p* o f* o Tl 

= C D oTlo T K o W *op*of*oTl 

= C D oTlo T K oq*ov*of*oTl 
= Co o Tl o Tjc o q* o g* o u* o Tl 
— Co ° Tl o Tk o q* o g* o Tl o u* 

^ Y OU* 
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In a similar manner we get 
u* o Y\ 



u* o C p *a ° Tl o Tr- op* o f* 

Cq*C O U7* O JF/ O Tft-- Op'o/' 



For these isomorphisms, we use in particular Lemma |6.12| to get v*p* = q*w*, and 
moreover Lemma |6.23 to get the chain of isomophisms 



v*(F ® = v*F <g> = v*F ® g*u>*ii" S w*F <g> = T QtK (v*F), 

which gives the isomorphism v* o T Pt K — T qt K ° v*. 

By a tedious check of the commutativity of many little squares we see that these 
maps indeed define an isomorphism of functors u* o Rq = Rq o v*. Let us indicate 
some details of the argument for the map Y 3 — > X[— 2]. For F G -D + (Sh Ab X) we 
have the maps <\> : F 3 (F) -> X[-2](F) and V : ^(VF) -> X[-2](u*F) given by 
Q3gp . We must show that 



u*Y 3 (F) 



Y 3 (u*F) 



U*(f> 



u*X[-2\{F) -^X[-2\(u*F) 
commutes. This indeed follows from the sequence of commutative diagrams 



u*Y 3 = u*C A nT PtK f* 



c B v*nT PrK f* 



C B Tlv*T v , K p 



[2] 



[2] 



C B nT, K g*u* = Y 3 u* 



[2] 

T qtK >id 



u*X[-2] =u*C A nf*[-2] 



'-^ C B v*nf*[-2] — C B nv*f*[-2] — C B ng*u*[-2] =X[-2]u* 

(3.36) 

where for the last we use that w preserves the orientation of the fibre T 2 . □ 
The following statement directly follows from the constructions. 



Lemma 3.37. The isomorphism of Lemma \3. 3J\ behaves functorially under compo- 
sitions of diagrams of the form (\3. 33\ ). 
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3.5.4 Let F G £> + (Sh Ab X). Recall that P G (F) is the homotopy limit of a Z- 
diagram consisting of sheaves Y [2i] , Y\ [2i] , Y% [2i] , Y 3 [2i] . For alH > we construct 
an evaluation transformation 



ei : P G (F)^Rf*of*(F)[2i] 



as the composition of the canonical map from the limit to >3[2z+2] with the structure 
map to X[2i] and the identification X[2i](F) = Rf* o f*[2i](F). To be precise we 
consider RfJ*(F) G £>(Sh Ab X) via the inclusion D+(Sh Ab X) -> D(Sh Ab X). In the 
situation of ^.5.3| an inspection of the proof of Lemma |3.34| together with Corollary 



3.19| shows that we have a commutative diagram in D(Sh Ab X) 



u*P G (F) 



Wet 



u*RfJ*(F)[2i] 



Ph(u*F) 



Rg*g*{u*F)[2i] 



(3.38) 



Note, however, that the morphism in the bottom line is only defined on _D + (Sh Ab X) 
(or equivalently on its image in Z}(Sh Ab X)), and we do not know whether we can 
extend it to the full unbounded derived category. Fortunately, we do not have to do 
this for the purposes of the present paper. 

3.5.5 Consider the special case of the diagram ( p.33[ ) where Y = X, u = id x , 
H = G, and v is an automorphism of the gerbe G. Lemma |3.34| provides an 
automorphism v* : P G — > P G of periodization functors. 

3.5.6 Let us illustrate this automorphism by an example. We consider the trivial 
[/(l)-gerbe G -> S 2 over S 2 and let G kut(G/S 2 ) be classified by 1 G H 2 (S 2 ; Z) = 
7L. It induces an automorphism of the cohomology H*(S 2 ; P G (F_ s2 )), where F_ s2 is 
the sheaf represented by a discrete abelian group F. We have a cartesian diagram 

G *BU(1) . 



S 2 



Since f*F^ ^ F s2 we have 
H*(S 2 ;P G (F S2 )) 



Lemma 



Lemma 



3.3 j 



.31 



H*(S 2 ;P G (f*Fj) 

H*(S 2 ;f*P BU(1) (Fj) 

H*(S 2 -Z)®H*(*;P BU(1) (FJ) 
Z[w}/(w 2 )0H*(*;P BU{1) (Fj) 
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where H*(*; Pbu(i){F_*)) has been calculated in examples in Proposition |2.25| . If 
F = Q or Q/Z, then H ev (*; P B u(i){K*)) = Q or . . . = Aj, respectively. If F = Z, 
then H odd (*; Pbu{i)(%*)) — 

Lemma 3.39. In all these cases the action of <fi* is given by 

<j)*(l OA + u7(g)/i) = l(g)A + u;(g)(A + /i) , 
where A,/iGQ, A^ ; or A^/Q, respectively. 



Proof. We will use the description of H*(S 2 , Pg{Ks 2 )) given in Corollary 2.24 111 



Lemma |2.10| have already calculated the automorphism on H*(S 2 , Rg*g*E_ 



F[w] [[z]]/(w 2 ) induced by the diagram 

G *G ■ 



S 2 , 





S 2 

It is given by z i— > z + w, w i— > w. The operation induced by D G is and the 
periodized cohomology is given as the kernel (in the cases F = Q and F = Q/Z) or 
cokernel (in the case F = Z) of [J^o id N -II^o £>g[2«] on [T^o F HM]/ WN- 
Recall from PXB| that the class a G P°(,S 2 , P G (Q s2 )) - Q[w]/(w 2 ) is represented by 



(a, az, az 2 /2, . . . , az k /k\ . . .), which is mapped by 0* to (a, a(w+z), a{w+z) 2 /2, . . . ). 
We must read off a representative of this class in the form above. If a = w then 
w(w + z) k /k\ = wz k /k\ and therefore (p*w = w. On the other hand, if a — 1, then 
a(w + z) fe /£;! = ^/^ ! + wz k ~ l /{k - 1)!, so that </>*(l) = 1 + w. 
Exactly the same argument applies if F = Q/Z. Finally, the cohomology with 
coefficients F = Z is the cokernel (upto shift of degree) of the map induced by the 
inclusion Q A9, which implies the assertion also for F — Z. □ 



3.6 Periodicity 

5. 1 We consider a topological ?7(l)-gerbe / : G — > X over a locally compact stack. 
Let F e L>+(Sh Ab X). In Lemma we have argued that P G (F) G D(Sh Ab X) 
is two-periodic. The periodicity is implemented by a certain isomorphism W : 
Pg(F)[2] — > Pg(F) which may depend on additional choices, see also the discussion 
in |2.4.4j . In the present subsection we show that there is a canonical two-periodicity 
isomorphism. 
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3.6.2 The gerbe G — > X gives rise to the diagram (see |2.2.1| for details) 



G: 



G 



G 



G 



(3.40) 



X x T 2 

p 

X 



This diagram induces the desired periodization isomorphism as the following com- 
position of natural transformations 



W:P G (F)^Rp*p*P G (F) 



Lemma 3.34 



Rp*P G (p*F) ^ Rp*P G ( P *F) - Rp*p*P G (F) -A P G (F)[-2] 

(3.41) 

Proposition 3.42. The transformation \3.41 ) 

W:P G (F)^P G (F)[-2] 



is a canonical choice for the isomorphism in Proposition \2.21 . 
3. 6. 3 To start the proof of Proposition |3.42| , recall the definition 

D G :RfJ*(F)^RfJ*(F)[-2] 

as the composition 

Rf*f*(F) ^ Rf*RnR<f)^*r*r(F) i Rf*Rr*r* f*(F) i RfJ*(F)[-2] 



where at the marked isomorphism " !" we use the natural isomorphisms |6.104| and 
pM0(J| associated to the identity for = foro<fi 

Recall from |3.5.4j the definition of the natural evaluation transformation e« : P G {F) — > 
RfJ*(F)[2i] for all i > 0. 

Lemma 3.43. The following diagram commutes: 

P a (F) ^ >P G (F) . 



e-i+l 



Or 



RfJ*(F)[2i + 2]-^RfJ*(F)[2i 
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Proof. We split this square in parts. First we observe that in .D(Sh Ab X) 

Rp*p*P G (F) Rp*P G (p*F) 

Rp*p*e i+l Rp*e i+1 



Pg{F) 



Bi+l 



RfJ*(F)[2i + 2] Rp*p*Rf*f*{F)[2i + 2] Rp*Rs m s*p*(F)[2i + 2] 



RUf*(F)[2i + 2] fi/ * runit > RfJ*Rp*p*(F) Rf.Rr*r*f*(F)[2i + 2] 



commutes (use Lemma |6.12| for the upper left and the lower and |3.5.4| for the upper 
right rectangle). 

In the next step we observe that 



Rp*P G (p*F) 

Rp*e i+1 

Rp*Rs*s*p*{F)[2i + 2] 



Rf*Rnr*f*(F){2i + 2] 



id 



unit 



unit 



Rp*P G (p*F) 



Rp*Rs*R(j)*(p*s*p*(F){2i + 2] 



Rf*Rr*R(f>*<f)*r*f*{F)[2i + 2} 



Rp* 



Rp*P G (p*F) 

Rp,e i+1 

Rp*Rs*s*p*(F)[2i + 2] 



Rf*Rnr*f*(F){2i + 2] 



commutes, where we use for the upper rectangle again |3.5.4j , and poso(fi = pos, 
p o s = f o r, foro(f) = for and Lemma |6.12j for the remaining squares. 
In the last step we observe the commutativity of 



Rp*P G (p*F) 

Rp*e i+1 



Rp*p*P G (F) 

Rp*p*e i+1 



^ P G (F)[-2] T = 2 P G (F) 



-x=e-i 



Rp*Rs*s*p*(F)[2i + 2] Rp*p*RfJ*(F)[2i + 2] — ^ 



Rf*Rr*r*f*(F)[2i + 2] 



Rf*(Q 



RfJ*(F)[2i) 



RfJ*(F)[2i] 



Again, for the commutativity of the upper left rectangle we use ( |3.38| ) of |3.5.4j . For 
the upper right corner we use the fact that j p is a natural transformation between 
the functors Rp*p* and id on D(Sh Ab X). For the lower rectangle we use Lemma 
PI □ 
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Pg{F) n ^ £l l[RfJ*(F)[2i] A ]jRfJ*(F)[2i] H . . . 



We now finish the proof of Proposition |3.42f We have an exact triangle 

Yli>0 e i 

i>0 i>0 

where (using the language of elements) the map a is given by 

Oi(xi)i> = (xi — D G x i+ i)i> . 
By Lemma |3.43| we have a morphism of exact triangles 



Pg(F) 



Ui> Rf*r(F)[2i] 



Ui>o Rf*f*(F)[2i] 



w 



P 



P 



p G {F)[-2\ ^n^Rfj^F)^ - 2] iiix>Rf*nmi - 2] 

where the map (3 is given by /3(xi)i> := (D G Xi)i>o. in Lemma |2.23| we have shown 
that W is an isomorphism. □ 



4 T- duality 



4.1 The universal T-duality diagram 

4-1.1 Topological T-duality intends to model the underlying topology of string 
theoretic T-duality on the level of targets and quantum field theory. In the special 
case of targets modeled by a gerbe on top of a T"-principal bundle over a space, 
topological T-duality is by now a well-defined mathematical concept, see [ BSST ], 
[BRS|1 and the literature cited therein. In the case of T-principal bundles it was 
extended to orbifolds in ||BS06|| . In the present paper we propose a definition of 



T-duality in the case of T-bundles over arbitrary stacks. This framework includes 
arbitrary T-actions on spaces. The special case of an almost free action (i.e. every 
orbit is either free or a fixed point) has been treated with completely different 
methods in [ PanOB . 

4-1.2 The notion of a T-duality diagram has first been introduced in fBRSl. In 



the present paper we first produce a universal T-duality diagram over the stack 
BU{1) = [*/U(l)]. Then we proceed to define a T-duality diagram over a general 
stack as one which is locally isomorphic to the universal one. 
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4-1.3 The universal T-duality diagram is a diagram of stacks 




In the following we explain the stacks and the maps. 

• B univ := BU(1) 

• E univ := * and ir un i V is the map which classifies the trivial £/(l)-bundle over 
the point *. 

• Guniv := BU(1), and f univ is the unique map. 

• E U niv '■= BU(1) x U{1), and n univ is the projection onto the first factor. 

• funiv '■ G univ — > E un iv is a gerbe with band U(l) classified by z®v G H 2 (BU(1); Z)® 
//^[/(l)^) = H 3 (BU(1) x C/(1);Z), where 2 G H 2 (BU(1);Z) and u G 
if 1 (?7(l); Z) are the standard generators. 

• E mi iv ■= E U niv x Buniv E un iv = U(l), and p un iv,Puniv are the canonical projec- 
tions. 

• Since H 2 (F un iv] Z) = = H 3 (E U niv; Z), the pull-back p* univ G univ can be identi- 
fied with the trivial gerbe p un ivGuniv — U(l)x BU(1) by a unique isomorphism 
class of maps represented by u un iv 

Let us fix once and for all a universal T-duality diagram (i.e. a choice of u un i V in its 
isomorphism class). 
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of topological stacks where the squares are cartesian, / : G — > E and / : G —>■ E are 
topological £7(l)-gerbes, and u is an isomorphism of gerbes over F. 
An isomorphism between two such diagramms over B is first of all a large commu- 
tative diagram in stacks, but we furthermore require that the horizontal morphisms 
are morphisms of [/(l)-banded gerbes in all places where this condition makes sense. 

Definition 4.3. The diagram ffJ^ ) is called a T-duality diagram if for every object 
(U — > B) G B there exists a covering ([/, — ► U)i e i G covb(U) such that for all i E I 
the pull-back of the diagram ( U-Q ) along the map Ui — > U —>■ B is isomorphic to the 
pull-back of the universal T-duality diagram ( ^Jjj along a map Ui — > B univ . 

4-1.5 In the following we describe the concept of T-duality. Let B be a topological 
stack. A pair (E, G) over B consists of a T-principal bundle it: E — > B and a 
C/(l)-gerbe f:G—>E. 

Definition 4.4. VFe say that a pair (E, G) admits a T-dual, if it appears as a part 
of a T-duality diagram \4 . 4 In this case the pair (E, G) is called a T-dual of (E, G). 

This is our proposal for the mathematical concept of T-duality for pairs of T- 
principal bundles and gerbes. Using the T n -bundle variant of the universal T-duality 
diagram one can easily generalize this definition to the higher-dimensional case. But 
note that, in contrast to the case of one- dimensional fibres, a unique isomorphism 
Uuniv does not exist for T n if one uses the exact parallel setup. This explains why 
suitable modifications are necessary in ||BKS|| . In particular, the universal base space 



is not simply the n-fold product of copies of B univ used in the one-dimensional case. 
4-1.6 In the following we show that the concept of topological T-duality as defined 
above really coincides with the former definitions. 

Lemma 4.5. Definitions an d U-4\ reduce to the notion of T-duality as used in 
j BRttf , l\BS03[j , if B is a locally acyclic space. 
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Proof. By Definition |4.3| a T-duality triple over a space B is given by the following 
data: 

(1) locally trivial [/(l)-principal bundles E,E over B, 

(2) [/(l)-banded gerbes G, G over or E, respectively, 

(3) an isomorphism u between the pullbacks of G and G to the correspondence 
space E x B E. 

Every point b G B admits an acyclic neighbourhood b & U C B. The bundles E and 
E are trivial over U, i.e. we have E\ v = U x U(l) = E {u . Since H 3 (U x £7(1); Z) ^ 



0, the restrictions of the gerbes G\e, v and G,^, are trivial, too. The Definition 



\E\i 



Q| requires that the isomorphism of trivial gerbes u^ E ^ Xu ^^ is classified by the 

generator of H 2 (E {U x v E {U ;Z) (note that E\ U ><u E\ v = U x U(l) x U(l)). This 
reformulation of the definition of a T-duality triple over a locally acyclic space B is 
exactly the definition of a T-duality triple in ||BRS| . 

In the approach of |[BS05[ | to T-duality we start with a pair (E, G). We characterize 
T-dual pairs by topological conditions. We then analyse the classifying space of 
pairs and observe that the universal pair has a unique T-dual pair which gives rise 
to the T-duality transformation. 

It turns out that the classifying space of pairs in ||BS05|| is equivalent to the classifying 
space of T-duality triples in [BRS|| , and that the universal pair and its dual are parts 
of the universal T-duality triple. This shows that the approaches of ||BS05j ] and [ BKS 
are equivalent. □ 



4.2 T-duality and periodization diagrams 

4-2.1 Recall that the construction of the periodization functor Pq was based on 



the diagrams introduced in |2.2.1| . In the present subsection we relate these diagrams 
to T-duality. 
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4-2.2 The double of the universal T-duality diagram ( |4.1| ) is (by definition) the bij 
universal periodization diagram 



nr*r)* f7 • pr °"" w " ryr* C 
V L oPuniv^univ *^ P-C 



urns; r^lFumv^v 



Puniv^um. 



G, 




funivP univ 



Funiv X . Funiv 

^univ 



P r l 



P r l 



PunivGum r 



F ■ 

- 1 unit) 



funivP univ 



funiv 



Note that all squares are cartesian, with the exception of the central square 



(4.6) 



Fx- F ■ 

- 1 univ R . - 1 unit; 




which does not commute. The same remark applies to similar diagrams we introduce 
later. 

4-2.3 We form the diagram 



P T oPunivG 



arm; 



G,, 



funiv 



(4.7) 



where 



funivPuniv ° vA U univ ° V r *0 U 



univ > Huntv 



Quniv ■ funivPuniv ° P r o • 



Definition 4.8. T/ie diagram ( \4-V is called the small universal periodization dia- 
gram. 

4-2.4 Let /: G -* X be a topological gerbe with band U(l) over a stack X. Then 
we consider the pull-back of the small universal periodization diagram to X via the 
projection r: X — > E univ = *. We form the tensor product with the gerbe G (see 
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BSSTj, 6.1.9] for some details on such tensor products) and obtain the diagram 



m 



(4.9) 



where 



H := pr* x G <g> pr^ _ ^pr^VG, 



# := G®r*G, 



' univ ; 11 • u « 1 univ ; 

pr x : X x F univ x ^ ^ F unit) — > X , V r F univ x g, . F univ '■ X x x ^ 



- 1 umti - 1 univ ^ 



are 



the projections, and m, g are induced by the corresponding universal maps 

„•„.. (7.. „„•„.. 



T^univ) Quniv 

Definition 4.10. T7ie diagram (\4-dj) is called the periodization diagram of G —>■ X . 

In fact we have defined a functor from gerbes/X to a category of such periodization 
diagrams. Using the fact that G un i V = BU(l) we have a canonical identification 
H = G. Furthermore, F univ x & . F univ = T 2 , and we can identify H — ► X x 



Fx- F ■ 

± univ ^* B . - 1 tirati 



with G x T 2 -> X x T 2 . 



Lemma 4.11. i/iese identifications the small periodization diagran ( U-Q) is 

isomorphic to the diagram ( 3.2TQ used in the definition of Pq- 



Proof. This follows directly from the definitions of these maps. 



□ 



4-2.5 The T-duality diagram (|4.2|) gives rise to the big double T-duality diagram 

(4.12) 



pr^G^pr^G^pr^G 




Note that the middle square does not commute. We have 

Fx^F=(Ex B E)x E (Ex B E) = Ex B Ex B E^Ex B Ex U(l) , 

where the last arrow is given by (e, e, eu) <— (e, e, u). Under this identification 
pr (e, e, u) = (e, e) and pr 1 (e, e, w) = (ew, e). We can correct this non-commutativity 
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as follows. Let c : F x ^ F — > F x g F be the isomorphism, which under the 
above identification is given by c(e,e,u) := (eu _1 , e, w). Note that pr x o c = pr . 
Furthermore note that pr^ = pr^ oc : F XgF ^ Therefore we get a canonical 
morphism c satisfying pr^ = pr^ o c in the diagram 



pr*. G Q 



FxaF — ^U- Fxi F P — 



If we plug this in the big double T-duality diagram, then we get the big commutative 
T-duality diagram diagram 



prSp'G-^pry? 




(4.13) 



From this we derive the diagram 



V*oP*G G 



where 



E 



(4.14) 



q T := f*p o pr , m T := f*p o pr 1 o pr^w 1 o c o pr^u . 
Definition 4.15. TTie diagram is called the small double T-duality diagram 



associated to M-2\ ). 

4-2.6 The following fact is an immediate consequence of the definitions. 



Proposition 4.16. The small double T-duality diagram (\4-14) is locally isomorphic 
to the small periodization diagram (U-Q) of G — ► E. 
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4.3 Twisted cohomology and the T-duality transformation 

4-3.1 Let E be a topological stack. In order to write out operations on twisted 
cohomology effectively we introduce some notation for operations on D + (Sh Ab i?) or 
D(Sh kh E). If p : F — > E is a map of topological stacks, then we let p* : id — > Rp*p* 
denote the unit. If p is an oriented fibre bundle, then we let pi : Rp*p* — > id denote 
the integration map. If 7r : E — > B is a second map, then we write 7r*p*, 7r*pi or 
simply also p* and pi for the induced transformations i?7r*7r* — ► R^^Rp^p*^* and 
R-K*Rp*p*n* — > Rn^n*. 
If 





is a diagram with [/(l)-gerbes H F and G ^ E such that the square is cartesian, 
then we write P(v) for the transformation u* o P# — > P G o «*, and we use the same 
symbol for the induced transformation Rtt^Ph^* — > Rtt^Pgu*^* . 
In a commutative diagram 







5 



in order to denote the transfor- 



we will use the symbol 3 or, if necessary, 3^ ap =.% a p 
mat ion 

Rw if Rp*p*-K* ^ Rn*Rp*p*n* . 

4-3.2 We consider a topological gerbe f:G^E with band U(l) over a locally 
compact stack. In |BSS07]| we define the G-twisted cohomology of E with coefficients 
in F E £>+(Sh Ab E) by 



H*(E,G;F) :=H*(E;RfJ*(F)) 
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4-3.3 Assume now that / : G — > E is a part of a T-duality diagram 

P*G u - *-p*G ■ (4.17) 




G F G 




E E 




B 

Then we define the transformation 

J := q, o 3 o (u- 1 )* o q* : Rir*RfJ*ir* -> m.RfJ*** . (4.18) 
Note that here J = 3i r fqu- 1 =-7tfq- 

Consider a sheaf F £ F>+(Sh Ab B). Note that #*(F, G; vr*F) = Rir*Rf*f*n*F). 

Definition 4.19. For F £ T> + (Sh A bE) £/ie T-duality transformation is defined as 
the map 

T: H*(E, G; vr*F) -> H*~ l {E : G; n*F) 
induced by the natural transformation (U.. 18Q . 

4-3.4 Let us calculate the effect of the T-duality transformation in a simple ex- 
ample. There is a unique isomorphism class of T-duality diagrams over the point 
B = *. In this case E = U(l) and G = U(l) X £>£/(l). We consider a discrete 
abelian group F. Then we have 

H*(E,G;n*F B ) = Z[[z}}[v}/(v 2 ) <g> F , H*(E, G; fr*F B ) = Z[[z]][v]/(v 2 ) ® F , 

where deg(w) = 1 = deg(-u) and deg(z) = 2. 

To explicitly calculate the effect of T in this case, observe that the cohomology 
of Rf*Rq*q*f*F is Z[[z]] <g) A(t>,-0) Cg> F with t> and -0 the generators of the two 
S^-factors E and E in F. The automorphism u induces in cohomology, i.e. on 
Z[[z}} ® A(u, -0) ® F, the algebra homomorphism given by z 1— > z + w, v i-» v, u i-> 
It follows that 

T(z n ®f)=[ {z n ®f + nz n ~ x vv ®f)= nz n ~ x v ® f 

J F/E 

T(z n v ®f)= f z n v ® f = z n ® f. 

J F/E 

We see that the T-duality transformation is not an isomorphism. 
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4-3.5 Our main motivation for introducing the periodization functor is the con- 
struction of twisted sheaf cohomology which admits a T-duality isomorphism. Let 
G — > E be a topological gerbe with band U(l) over a locally compact stack E. 

Definition 4.20. We define the periodic G-twisted cohomology of E with coefficients 
in F E TJ+ (Sh Ab E) by 

H; er (E,G;F):=H*(E;P G (F)) . 
Note that here we use the sheaf theory operations for the unbounded derived cate- 



gory, see Subsection £h5] for details. 

4-3.6 Assume again that /: G — > E is part of a T-duality diagram ( 4.17Q . We 
define a natural transformation 

J : Rk* o Pq on* — > Rn* oP 6 o7T* (4.21) 

by 

J : = p| o^oP^op* . 

It again involves sheaf theory operations in the unbounded derived category. 
Consider a sheaf F G TJ+ (Sh Ab B). Note that H* er (E, G; tc*F) ^ H*(B, Rk*Pq{-k*{F))). 

Definition 4.22. For F E D + (Sh Ab E) the T-duality transformation in periodic 
twisted cohomology 

T: H* per (E, G- tt*F) -> H;-\E, G; n*F) 



is the map induced by the natural transformation ( \4-21\ ) 



4-3.7 As an illustration let us calculate the action of the T-duality tranformation 



in the example started in [4.3.4j . The sequence Sg(F_) for F = Z, Q, Q/Z either 
has trivial lim or trivial lim . Therefore in this special case the morphism T calcu- 
lated in [4.3.4] defines uniquely an endomorphism of H* er (E,G;n*F B ) (we identify 



E = E). For example if F = Q, then we read off directly from |4.3.4| that (with 
H° er (E, G; tt*Q) = Q[v]/v 2 ) the T-duality morphism is 

T: Q[v]/v 2 -»• Q[v]/v 2 , T(v) = l, T(l)=v. 

In particular, we see in this example that now we get an isomorphism. 

4-3.8 In the remainder of the present subsection we show the following theorem. 



Theorem 4.23. The T-duality transformation in twisted periodic cohomology 
is an isomorphism. 
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Proof. The opposite of the T-duality diagram ( |4.17 ) is obtained by reflecting it in 
the middle vertical, and by replacing u by its inverse. We let T' : H* er (E, G; n*F) — > 
H*~r{E, G; Ti* F) be the associated T-duality transformation. 

Both, the T-duality diagram and its opposite can be recognized as subdiagrams of 
the (slightly extended) big commutative T-duality diagram 



pr*p*G 



V r%G^^ V r\p*G 




(4.24) 

We now calculate the composition T' o T. The compatibility of the integration with 
pull-back in the cartesian diagram 



P r 



Fx^F 



p r i 



E 



is employed in the equality marked by ! below. The equality p o pr o c 1 = p o pr 
is used in the equality !!. Finally we use pr o c = pr x at !!!. We have 

J'o J = p, o 3 o P{u) o p* o p, o 3 o P(m) _1 o p* 

= pi o 3 o P(u) o ptn o3o pt * o3o P^u) -1 o p* 

= p\o3o P{u) o pti, o J o P(c _1 ) o (cT 1 )* o pt * o J o P(m) _1 o p* 

= pi o ptj., o F(pr*w) o P(c _1 ) o P(prpM)" 1 o px* o p* 
= pi o pt^ o P(prjii o c -1 o (pr^u) -1 ) o pt/ o p* 

This is exactly the transformation associated to the associated small double T- 
duality diagram ( f4.14|) (actually its mirror). Since this is locally isomorphic to the 
small periodization diagram we see that locally J' o J coincides with tt^W , where W 
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is as in Proposition |3.42j . By Proposition |3.42j this transformation is an isomorphism 
on periodic sheaves of the form Rn^Po(7r*F). Therefore T o T' is an isomorphism. 
We can interchange the roles of T and T', hence T oT' is an isomorphism, too. This 
implies the result. □ 



5 Orbispaces 

5.1 Twisted periodic delocalized cohomology of orbispaces 

5.1.1 Let us recall some notions related to orbispaces (compare ||BSS08|| ). Orbis- 
paces as particular kind of topological stacks have previously been introduced in 
BS06j , Sec. 2.1] and ||Noo| , Sec. 19.3]). In the present paper we use the set-up of 



BS06|1 but add the additional condition that an orbifold atlas should be separated. 
This condition is needed in order to show that the loop stack of an orbifold is again 
an orbifold. 

(1) A topological groupoid A : A 1 =>■ A is called separated if the identity 1a '■ A — > 
A 1 of the groupoid is a closed map. 

(2) A topological groupoid A 1 =>- A is called proper if (s, r) : A 1 — > A x A is a 
proper map. 

(3) A topological groupoid is called etale if the source and range maps s, r : A 1 — > 
A are etale. 

(4) A proper etale topological groupiod A 1 A is called very proper if there 
exists a continuous function x- A —>■ [0, 1] such that 

(a) r: supp(s*x) — > A is proper 

(b) EyeA* X(s(y)) = 1 for all x E A . 

(5) A topological stack is called (very) proper (or etale, separated, respectively), 
if it admits an atlas A — >• X such that the topological groupoid A x x A =3- A 
is (very) proper (or etale, separated, respectively). 

(6) An orbispace atlas of a topological stack X is an atlas A — ► X such that 
Ax x A^A is a very proper etale and separated groupoid. 

(7) An orbispace X is a topological stack which admits an orbispace atlas. 

(8) If X, Y are orbispaces, then a morphism of orbispaces X — > Y is a representable 
morphism of stacks. 
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(9) A locally compact orbispace is an orbispace X which admits an orbispace atlas 
A — > X such that A is locally compact. 

5.1.2 If X is a stack, then its inertia stack (sometimes called loop stack) LX is 
defined as the two-categorial equalizer of the diagram 

X==>X ■ 

id x 



In [|BSS08| , Sec 2.2] we have introduced an explicit model of LX and studied its 
properties. The loop stack LX depends functorially on X. If X is a topological stack 
(orbispace), then LX is a topological stack (orbispace), too (see ||BSS08| , Lemma 
2.25], |[BSS08| , Lemma 2.31]). 

Lemma 5.1. If X is a locally compact orbispace, then LX is a locally compact 
orbispace, too. 

Proof. Let A —>■ X be a locally compact orbispace atlas of X. Then we have the 
proper, separated and etale topological groupoid A x x A =>• A. Since the source 
map of this groupoid is etale, the space of morphisms A x x A of this groupoid is 
locally compact, too. 

In the proof of Lemma |BSS08] , Lemma 2.25] we constructed an orbispace atlas 
W — > LX of LX, where W was given by the pull-back of spaces 



W 



A- 



diag 



A x x A 

(pri,pr 2 ) 

Ax A 



This implies that W is locally compact. 



□ 



5.1.3 Let G — > X be a topological gerbe with band U(l) over a locally compact 
orbispace. The truly interesting G-twisted cohomology of X (with complex coef- 
ficients) is not the cohomology H* er (X,G;C) (see |4.22| ), but a more complicated 
delocalized version H^ elocper (X,G), which we will define below (see [pSS08| , Sec. 
1.3] for an explanation). 

As shown in [[BSS08| , Sec. 2.5] the gerbe gives rise to a principal bundle G s — > LX 
with structure group U(l) s in a functorial way, where U(l) 5 denotes the group U(l) 
with the discrete topology. By C 6 Sh Ab LX we denote the sheaf of locally constant 
sections of the associated vector bundle G 5 Xjj^s C — > LX. 
We define the gerbe Gl — * LX as the pull-back 



G L - 



G 



LX ^X 
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Definition 5.2. We define 

C G := P Gl (C) G D(Sh Ab LX) . 

The G-twisted delocalized periodic cohomology of X is defined as 

H deloc,per(X,G) := H*(LX]C G ) . 

5.2 The T-duality transformation in twisted periodic delo- 
calized cohomology 

5. 2. 1 We consider a T-duality diagram 

P*G u - *p*G (5.3) 




G F G 




E E 




B 



(see Definition |4.3|) , where B is a locally compact orbispace. 

We apply the loops functor L : orbispaces — > orbispaces to the subdiagram 

F 




E E 



and get 




LE LE 




LB 



In the first diagram the maps p,p,Tr,n are all ?7(l)-principal bundles. The maps 
Lp, Lp, Lit, Lti are not necessarily surjective. Thus in general the derived diagram 
of loop stacks is not part of a T-duality diagram. But it is so locally in a certain 
sense which we will explain in the following. 
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5.2.2 We can extend the second diagram by the local systems (see |5.1.3| ) 

Lp*C u - ^ L p*C (5.4) 




LE 



and the pull-backs of gerbes 



Lp*G 



G, 




LE 




In particular, we have an isomorphism 



u : Lp*£c — > Lp*£ 



G 



(5.5) 



(5.6) 



5.2.3 Note that p: F -> J5 is a [/(l)-principal bundle. In [PSS08| , Lemma 2.34] we 
have constructed a map /i: — > U(l) s which measures the action of the automor- 
phisms of the points of E on the fibres of p. We get a decomposition into a disjoint 
union of open substacks 

LE= \J LE U , 
ueu(i) 

where LE U := h~ l (u). Here and in the following we use the simplified notation 
h^iu) for the pullback of h: LE — > U(l) s along the inclusion i u : * — > U{1) with 
k{*) '■= u - By PSS08| , Lemma 2.36], the map Lp: LF — > LE factors over the 
inclusion J : LE\ —>■ LE, and the corresponding map Lpi : LF — > LE\ is a U(l)- 
principal bundle. The integration 



£pn: RiLp^^oLpl -> id 
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is well-defined. The open inclusion J induces a natural transformation 3i : RJ*oJ* — > 
id. We can thus define 

£p, := 3: ° -Cpii : RLp* o Lp* — ► id . 

Definition 5.7. T/ie /oca/ T -duality transformation associated to the diagram ( ^.3j) 
is given by the composition 

Ti oc := £pi o u o £p* : RLtt^Cq —* RLtt^Cq , 

where u is induced by (\5.dj) . 

Note that H^ loc (E, G) = H*(LB; RLtt^Cg). Hence we can make the following 
definition. 

Definition 5.8. The T-duality transformation in twisted periodic delocalized coho- 
mology associated to the T-duality diagram ( \5.3\ ) is the transformation 

T- H deloc,per(.E ') ^9 * ffdeloc,per(E , G) 

induced by the local T-duality transformation Ti oc defined in \5. % 



5.3 The geometry of T-duality diagrams over orbispaces 



5.3.1 We consider a T-duality diagram ( |5.3|) over a locally compact orbispace. As 
explained in ||BSS08| , Sec. 2.5] (see also |5.1.3| ) the gerbe G — > E naturally gives rise 
to a £7(1 ^-principal bundle G 5 — > LE. Let g: LB\ — > //(l) 5 be the function which 
describes the holonomy of the bundle G s — > TT 1 along the fibres of LE — > Li?! (see 
BSS08| , 2.6.3]). In the following we recall from [ |BSS08|| a cohomological description 



of the functions g and h (introduced in |5.2.3| ). 

Let Ci e H 2 (B; Z) denote the first Chern class of the ?7(l)-principal bundle it: E — > 
Ti, and let d G H 3 (E; Z) denote the Dixmier-Douady class of the gerbe /: G — > £7. 



By integration over the fibre it gives rise to a class J d 6 if 2 (Ti;Z). In [ [BSS08 



2.4.11] we have shown that a class x £ H 2 (B\ Z) gives rise to a function LB 
U(l) 5 in a natural way. 

Proposition 5.9 (Lemma 2.38 and Prop. 2.49 ||BSS08|| ). We have the equalities 



(1) 



(2) 



ci 



h: LB -> [/(l)" 5 



g:LB 1 ^U{l) i 



\LBi 
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5.3.2 We now have functions h,h: LB — > U(l) s associated to the [/(l)-principal 
bundles 7r : E — > B and rr : L — > L>. We define 

LB(i )if ) : = h-\l) , LB {%1) := hr\l) . 

We furthermore have functions (see |5.3| ) 

measuring the holonomy of G s — > Li? and G 5 — > LL along the fibres. 
Proposition 5.10. We have the equalities 

9 = Vb ( ,,i) ' 9 = VW,*) ■ 

Proof. Let 

de H 3 (E;Z) , d G H 3 (E; Z) 

be the Dixmier-Douady classes of the gerbes Gl —* E and Gl E. Furthermore 
let 

ci,£i G H 2 (B;Z) 

denote the first Chern classes of the [/(l)-principal bundles tt: E — > L? and 7r: L — > 



L?. The theory of T-duality for orbispaces ||BS06|| gives the equalities 

Ci = —Tt\(d) , Ci = — VTi((i) . 
Hence the assertion follows from Proposition |5.9|. □ 



5.4 The T-duality transformation in twisted periodic delo- 
calized cohomology is an isomorphism 

5.4-1 Let us consider a [/(l)-principal bundle tt: E — > L? in locally compact or- 
bispaces with first Chern class c\ G H 2 (B; Z) and a topological ?7(l)-banded gerbe 
/ : G — > E with Dixmier-Doudady class d G Lf 3 (i?;Z). In Definition |572| we have 
introduced the object Cq £ L>(Sh Ab LE). Furthermore we have £7(1 ^-valued func- 
tions h = c{ and g = 7n(d) on LB. Let Li?! := and note that Lit: LE — > LL? 
factors over the [/(^-principal bundle Lvr: LL -> LL^. We fix u G £/(l) 5 \ {1} and 
consider the component LB^) '■= H 9 1 {. U )- 

Lemma 5.11. We have Rtt*(Cg)\lb (1 = 0. 
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Proof. Let (T — > LB(i >u )) G LB(i )U ). After refining T by a covering we can assume 
that there is a diagram 



B17(1) — j U(l) x R/(l) 



17(1) 
g 



T x 17(1) 
p 

T 



• ^1(1,1!) 



of cartesian squares. We get 

t*Rn*(C G ) 



Rp*s*{C G ) 

Rp*s*(P GL (£)) 

Rp*P s *a L (s*C) 



Let 7i G Sh Ab (Site([/(l))) be the locally constant sheaf over U(l) with fibre C and 
holonomy u G C7 (1) \ {!}. Then we have s*£ = w*7i. We calculate further 



Rp*P a .G L (s*C) 



Rp*P s *G L {v*H) 
Rp*v*P u{1)xBU{1) (H) 
w*Rq*P u{1)xBU(1) (H) . 



It remains to show that 

Rq*Pu(i)xBU(i)(H) — . 

Recall from |3.4.9| that the object Pu(i)xBU(i)0~Q £ -D(Sh Ab Site(?7(l))) is given (up 
to non-canonical isomorphism) by the holim of a diagram 

<- Rx*x*(H) £- Rx*x*(H)[2} £- Rx*x*(H)[4} £- Rx*x*(H)[6] ... . 

The functor Rq* commutes with this holim |. Therefore Rq*Pu(i)xBU(i)CH) is given 
by the holim of the diagram 

«- Rq*Rx*x*(H) Rq ^ D) Rq*Rx*x*(H)[2] Rq ^- D) Rq*Rx*x*(H)[4] i?<? ^ D) #g*ito*:r*(W)[6] 



We now calculate using the projection formula twice (Lemma 6.28 for the non- 
representable map x and a tensor product with a one-dimensional local system 
of complex vector spaces 7i and Lemma |6.31| for the proper representable map 



is a right-adjoint and commutes with products and mapping cones 
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q and the tensor product with the lower bounded object Ry*(i^s±t e ([*/u(i)])) £ 
£>+(Sh Ab Site(C/(l)))) 

Rq*Rx*x*(H) = Rq*Rx*(Zs ite(uil)xBU(1) ®x*(H)) 

— R<l*(.R x *(,ZLSite(U(l)xBU(l))) ® 7~Q 

= Rq* (Rx* (2*Zg ite(jBC , (1)) ) ® W) 
^ Rq* (q* (%*Z Site(B{/(1)) ) <g> H) 

— Ry*%!Site(BU(l)) ® ■ 

Since the holonomy of 7i along £7(1) is non-trivial, and the cohomology of S 1 with 
coefficients in a non-trivial flat line bundle ist trivial, we have 

Rq* (H) = . 



5.4-2 We now consider a T-duality diagram ( [5.3D where B is a locally compact 
orbispace. 



Theorem 5.12. The local T-duality transformation (Definition \5. %) 

T loc : RLn*(£ G ) -> RL^(C d ) [-2] 
is an isomorphism in L>(Sh Ab LB). In particular, the T-duality transformation 

T'- H delocper (E,G) — > H delocper (E,G) 

is an isomorphism. 

Proof. We have functions /i, /i: LB — > £7(1) which define substacks LB fa*) := /i 
and LB ^) '■= By Proposition |5.10| we have g = hj^^ ^ : LBq,*) — > U(l) s . 

By Lemma |5 . 1 1| the object RLtt^(Cg) £ L>(Sh Ab LB) is supported on 

Q 1 ^) = LB fa*) n LB fax) =: LB fax) ■ 

Note that <? = /ij^g i , so that RLtt^C^ is supported on LB fax) , too. Let % : LB fax) — > 
Li? denote the inclusion. The following diagram is the pull-back of (|5~3|) via the 
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map — > Li? — > T? 



Pl(G 



'(1,1) 



■Pl(G 



L) \LE\ 



'(1,1) 



(G 



5 (1,1) 



|L_B 



(1,1) 



Lp 



LE \LB (1A) 



Lp 



Lit i 




L)\LE 



LE\ 



LB 



(i,i) 



L-7T1 



^(1,D 



(5.13) 



We consider 



A :- ^|ls |LB(i x) , £i :- £|L% B(M) • 
Because we restrict to the subset LBnu of trivial holonomy we have isomorphisms 



Ci = Ltt*C LB(m) t x = Ltt*C LB(i i) . 

The local T-duality transformation TJ oc is now locally equal to the transformation 
J defined in [4.2 1| applied to the T-duality diagram ( |5.13|) and the sheaf C LB{1 . As 
in the proof of Theorem |4.23| one shows, using the commutative double T-duality 
diagram, that T\ oc is an isomorphism. 



The global second assertion can be deduced directly from Theorem |4.23| . By the 
observation on the support of RLtt*(£g) £ -D(Sh Ab LB) made above we get 

H deloc,per( E i G ) ~ H per( LB (l,l) 5 RL M* P (G L )\ LE ^ (^i£lB (m) )) > 



(1,1) 



and similarly 



H deloc,per( E i G ) ~ H per( LB (l,l) 5 RL (^l) * P (G L ) I T * 



(1,1) 



(^i£ LB(M) )) 



With these identifications the T-duality transformation in twisted periodic delocal- 
ized cohomology is then equal to the T-duality transformation in twisted periodic 
cohomology for the diagram ( |5.13| ) and the sheaf C LB G Z) + (Sh Ab LBi □ 
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6 Verdier duality for locally compact stacks 

6.1 Elements of the theory of stacks on Top and sheaf theory 

6.1.1 In the present paper we consider stacks on the site Top. A prestack is a 
lax presheaf X of groupoids on Top. The prefix "lax" indicates that for a pair of 
composeable morphisms u: U — > V, v: V — > W we have a natural transformation 
of functors <p UtV : X(u) o X{v ) — > X(v o u) which is not necessarily the identity, and 
which satisfies a compatibility condition for triples. A prestack is a stack if it satisfies 
the standard descent conditions on the level of objects and morphisms. A sheaf of 
sets can be considered as a stack in the canonical way. Via the Yoneda embedding 
Top — > ShTop (note that the topology of Top is sub-canonical, i.e. representable 
presheaves are sheaves) we consider topological spaces as stacks in the natural way. 

6.1.2 In the following we collect some definitions and facts of the theory of stacks 
in topological spaces. Stacks are objects of a two-category, and fibre products and 
more general limits in stacks are understood in the two-categorial sense. Note that 
two-categorial limits in stacks exists (see [BSS08] for more information), and that 



the inclusion of spaces into stacks preserves those limits. A useful reference for 
stacks in topological spaces and manifolds is survey |[Hei05 . 



(1) A morphism of stacks G — > H is called representable, if for each space U and 
map U —* H the fibre product U x H G is equivalent to a space. 

(2) A representable map G — > H between stacks is called proper if for every map 
K —>■ H from a compact space the fibre product K x H G is a compact space. 

(3) A map / : A — ► B of topological spaces has local sections if for each point 
b G B in the image of / there exists a neighbourhood b G U C B and a map 
s : U — » A such that / o u = id[/. 

(4) A representable morphism G — ► H has local sections if for every map U — > H 
from a space the induced map U x H G — > U of spaces has local sections. 

(5) A representable map G — > H is surjective if for every map U —>■ H from a 
space the induced map U x H G — » U is a surjective map of spaces. 

(6) A map A —>■ X from a space A to a stack X is called an atlas of X, if it is 
surjective, representable and admits local sections. A stack which admits an 
atlas is called a topological stack. 

(7) A morphism (not necessarily representable) between topological stacks G — > H 
is surjective (or has local sections, respectively) if for an atlas A — > G the 
composition A — ► G — ► H is surjective (or has local sections, respectively) 
(note that this composition is representable by Proposition |6.1| below). 
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(8) A composition of maps with local sections has local sections. The correspond- 
ing assertion is true for the following properties of maps: 

(a) representable 

(b) representable and proper 

(c) surjective. 

(9) Consider a two-cartesian diagram of stacks 



H 


* G 


V 






9 




f 


Y 


* X 



u 



If u has local sections, then so has v. If / is representable, then so is g. 



6.1.3 The inclusion of spaces into sheaves and of sheaves into stacks preserves 
small limits, where limits in stacks are understood in the two-categorial sense. This 
implies that a map of spaces X — > Y is representable. In fact we have the following 
more general result. 

Proposition 6.1. Let G be a topological stack and X a space. Then every morphism 
f : X — > G is representable. 

The proof will be given in |6.1.5| and needs some preparations. 

6.1.4 We will need the notion of an open substack. 

Definition 6.2. Let G be a stack in topological spaces. A morphism H — > G of 
stacks is an embedding of an open substack, if it is representable and for each map 
T — > G from a space T the induced map of spaces Tx G H — > T is an open embedding 
of topological spaces. 

Note that, via Yoneda, an open embedding of spaces is an open embedding of stacks. 

Definition 6.3. A morphism U —>■ G of topological stacks is locally an open embed- 
ding if U = \_\ ieI Ui for a collection (Ui)i e i of topological stacks and Ui — » G is an 
embedding of an open substack for every i & I. 

Let us first characterize spaces as stacks which can be covered by a collection of 
spaces. 

Lemma 6.4. Let X be a stack in topological spaces for which there exists a morphism 
U — > X from a space which is surjective and locally an open embedding. Then X is 
equivalent to a space. 
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Proof. Let U = UjC/j be such that Ui — > X is an open embedding for all i. Then we 
define the space B as the coequalizer in spaces 

B := coeq(|J U { x x Uj =4 |J ^) . (6.5) 

Since C/j — > X is an open embedding we see that pr^. : Ui x x C/j — > ^ is an open 
embedding. We can now refer to |[Noo| , Prop. 16.1] and deduce that the equalizer in 
spaces B is also the two-categorial equalizer in stacks of the diagram (|6.5| ), which is 
of course equivalent to X. Note that the difficulty at this point is that the embedding 
of the category of spaces (viewed as a two-category) into the two-category of stacks 
does not preserve general small colimits, as opposed to the case of limits. 
For completeness we will give an argument. First note that pr^ . : Ui x x U t ^ Ui 
is a homeomorphism. It thus follows from the groupoid structure of the coequalizer 
diagram that Ui — > B is injective for all i. Since |J i Ui — > B is a topological quotient 

map it is open. Therefore | | i Ui — > B is a open covering. We further conclude that 

the natural map Ui x x Uj —> Ui x B Uj is in fact a homeomorphism. 
The claim is that X is equivalent to B. We first construct a morphism X — > B. 
Let (T — > X) G X(T). Then (Tj := T x^ K)i is an open covering of T. Using the 
identification T, XtTj = T x x {Ui x x Uj) we get a diagram 

Uu^XtTj "UiXxUj , 





T - B 

where the horizontal maps are induced by the projections T x x Ui U iy and the 
left vertical is the representation of T as a coequalizer. Therefore we obtain a unique 
factorization (T — > B) G B(T). The construction is functorial in T and therefore 
induces a morphism X — > 5. 

In order to see that it has an inverse let (T — > 5) G -B(T) be given. Then we define 
the open covering (Tj := T x b Uj)i of T. The compositions 

4>i'-Ti = T Xb Ui V —? Ui X 
can be considered as a collection of objects (fa G X(Tj))j. The induced map 

TiPiTj = Ti x tTj {Tx B Ui)x T (Tx B U 3 ) = Tx fl (^x B C^) C/,x B ^ C^x^- -> Xx x X 

can be considered as a collection of isomorphisms <pij : {4>i)\Ti^T- (0j)|r 4 nT which 
satisfy the cocycle condition on triple intersections. Since X is a stack we can 
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therefore glue the local maps and get a map (T — > X) G X(T) which is unique up 
to unique isomorphism. This construction is again functorial in T and provides the 
map B — > X. 

It is easy to see that both maps X — > B and B — > X constructed above are mutually 
inverse. □ 



6.1.5 We now show Proposition 6.1 



Proof. Consider a map T — > G from a space T. We have to prove that the fibre 
product T x G X is equivalent to a space. Using the assumption that G is topological 
we choose an atlas A — > G of G. Because A — ► G has local sections, we can 
find an open covering Ui =: U —> X such that U x G A — ► [/ has a section 
s: Z7 — ► [/ x G A We first want to show that T x G U is a space. Since the structure 
map A —>■ G of an atlas is representable we know that U x@ A and T x G A are 
spaces. Therefore, T x G U x G A = (T x G A) x A (U x G A) is a space, too. The 
section s pulls back to a section s : T x G U T x G U x G A which implements 
T x G U subspace of the space T x G U x G A. 




Tx G U 



TxaX 



g U x G A 



T 




x g A . 



Since the map U — > X is surjective and locally an open embdding its pull-back 
T x G U —>■ T x G X is surjective and locally an open embedding, too. Therefore by 
Lemma IBTl the stack T x G X is equivalent to a space. □ 



6.1.6 Recall that a topological stack is called locally compact if it admits a locally 
compact atlas A —>■ G such that A x G A is a locally compact space. Furthermore 
recall that the site X = Site(X) associated to a locally compact stack X is the full 
subcategory of locally compact spaces U — > X over X such that the structure map 
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has local sections. A morphism in this site X is a diagram 

U >V 



(6.6) 



consisting of a morphism of spaces over X and a two-morphism. The topology on X 
is given by the covering families of the objects (U — > X) induced by open covering 
of U. 

Much of the general theory would work without the assumption of local compact- 
ness. But local compactness is important in connection with the projection formula 
Lemma |6.29| which is a crucial ingredient of the theory of integration. Since the 
latter is our main goal of the present section we generally adopt the restriction to 
locally compact stacks. 

6.1.7 The sheaf theory for topological stacks can be built in a parallel manner to 
the sheaf theory for smooth stacks developed in | BSS07 ] . The transition goes via 
the following replacements of words: 

(1) For the definition of stacks the site of smooth manifolds Mf°° is replaced by the 
site of topological spaces Top. In the definition of the site of a locally compact 
stack manifolds are replaced by locally compact spaces. 

(2) The concept of a smooth stack is replaced by the concept of a locally compact 
stack. 

(3) The notion of a smooth map is replaced by the notion of a map which admits 
local sections. 

In the present paper we freely use results in the general sheaf theory for topological 
stacks from ||BSS07|, Sec. 2] in the case of stacks in topological spaces which are 



proved there for manifolds. It should be noted that with the conventions just made, 
all statements and proofs carry over verbatim 

6.1.8 Let X be a locally compact stack. By PrX and ShX we denote the categories 
of presheaves and sheaves on X. They are related by a pair of adjoint functors 

z B : PrX t; ShX : i . 

The sheafification functor v is exact. 

6.1.9 Let / : X — > Y be a morphism of locally compact stacks. In induces a 
functor p f* : PrX — >■ PrY by 

v f*F{V -> Y) := limi^C/ -> X) , 
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where the limit is taken over the category of diagrams 



U- 



X 



,T7 



(6.7) 



V 



Y 



with (U — > X) G X. For details we refer to PSS07| , Sections 2.1, 2.2]. This functor 
fits into an adjoint pair 

p f* : PrY *=> PrX : p f, . 

The functor p f* is given by 

p f*G(U -> X) = colim G(V -> F) , 

where the colimit is again taken over the category of diagrams with (V — > V) G Y. 
We extend these functors to sheaves by 

and obtain an adjoint pair 

/* : ShY ShX : /, . 



Note that p /„ preserves sheaves (see |[BSS07| , Lemma 2.13]). The right-adjoint func- 
tor /* : Sh Ab X — > Sh Ab Y is left exact and therefore admits a right-derived functor 

Rf* : J D + (Sh Ab X) -> D + (Sh Ab Y) 

between the lower-bounded derived categories. 

6.1.10 If g : y — > Z is a second morphism of locally compact stacks, then we have 
natural isomorphisms of functors 

(w)* = s*°/*, r°s* = (wr 



(see 5TTU0[ ). Furthermore, we have 

Rg* o Rf, * R(g o /), 



on the level of lower-bounded derived categories by Lemma |6.104| . The relation 
f*og* = (gof)* descends to the derived categories if the pull-back functors are exact, 
e.g. if / and g have local sections (see S.1.11Q . These facts generalize corresponding 
results shown in ||BSS07| . 



6 VERDIER DUALITY FOR LOCALLY COMPACT STACKS 



79 



6.1.11 Let / : G — > H be a morphism between topological stacks which has local 
sections. It induces a morphism between sites /j : G — > H by composition. On 
objects it is given by f\{U — > G) := (U — > G — > H) (we will often use the short 
hand U for (U — > G) and write /gC/). In fact, since {7 — > G and / have local sections, 
the composition U — > H has local sections. Furthermore, the map U — > H from 



a space to a topological stack is representable by Lemma pTT| . One checks that /jj 
maps covering families to covering families and preserves the fibre products as in 
|iam94| , 1.2.2]. 



If / : G — ► H has local sections, then the functor /* : ShH — > ShG is the pull-back 
/* = (/j)* associated to a morphism of sites. Explicitly it is given by f*F(U) := 
F(f t U), compare Lemma [ |BSS07| , 2.7]. In addition, the functor /* : ShH -> ShG is 
exact (see [|BSS07| , 2.5.9]) and preserves flat sheaves of abelian groups. 



Lemma 6.8. If f : X —>■ Y is a morphism between locally compact stacks which has 
local sections, then we have the derived adjunction 

/*: -D + (Sh Ab Y) ^ /J + (Sh Ab X): Rf. . 

Proof. Since /* is exact its right adjoint /* preserves injectives. If G G C + (Sh Ab X) 
is a complex of injectives and F e C + (Sh Ab Y), then we have 

J RHom ShAbY (F, Rf*{G)) Hom ShAbY (F, f.(G)) = Hom ShAbX (/*(F), G) = J RHom ShAbX (/*(F), G) 
This implies the assertion. □ 



6.1.12 

Lemma 6.9. Let X be a locally compact stack. If C,B — > X are maps from locally 
compact spaces, then C Xx B is locally compact. 

Proof. By assumption X is locally compact so that we can chose an atlas A — > X 
such that A and A x x A are locally compact. Since A — > X is surjective and has 
local sections, there exists an open covering (Sj) of I? such that we have lifts 



Bi- 



B 



A 



X 



Then (A x x BA is an open covering oi A x x B. In order to show that A x x B is 
locally compact it suffices to show that the space A x x Bi is locally compact. By 
A x x Bi = (A x x A) x A Bj C A x x A x Bi, this space is a closed (note that A is 
Hausdorff ) subspace of a locally compact space and hence itself locally compact. 
The same argument shows that C x x A is locally compact. We now write C x x Bi = 
(C x x A) x^Bj C (C x x A) x Bi in order to see that C x x Bi is locally compact. 
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Since (C Xx Bj) is an open covering of C Xx B we conclude that C Xx B is locally 
compact. □ 

6.1.13 Let / : X — > Y be a morphism between locally compact stacks. 

Lemma 6.10. If f is representable, then it induces a morphism of sites f* : Y — > X 
given by f{V -> Y) := (X x Y V" -> X). 

Proof. Let — >• X be a locally compact atlas. We consider (V — >• Y) G Y and form 
the diagram of cartesian squares 

V x Y B ^B ■ 



U- 



X 



v- 



Y 



In order to check that (U —>■ X) G X we must show that U is locally compact. Since 
B —>■ X is surjective and has local sections we see that V x Y B — > U is surjective 
and has local sections, too. Since Y is locally compact we see by Lemma |6.9| that 
V Xy B is locally compact. Let u G U and W C [/ be a neighbourhood of it such 
that there exists a section 

V x Y B . 



W 



— 

Let K C 7T _1 (W / ) be a compact neighbourhood of s(it). Then is a compact 

neighbourhood of it. Indeed, is a closed subset of the compact set ir(K). 

It is easy to see that /" maps covering families to covering families and preserves 
the fibre products required for a morphism of sites, see [|Tam94| , 1.2.2]. □ 



If / : X — > Y is a representable morphism between locally compact stacks, then we 
have the relations /* = : ShY -> ShX and /* = : ShX -> ShY , see 



BSS07| , Lemma 2.9]. 

6.1.14 Let X be a topological stack and (£/ — ► X) G X. Let (U) denote the 
site whose objects and morphisms are the open subsets of U and inclusions, and 
whose coverings are coverings by families of open subsets. We have restriction 
functors u v : ShX -> Sh(U) and p v v : PrX —> Pr(U). For F G ShX we also write 
fu{F) ='■ Fu- We have the following assertions, most of which are straightforward 
to prove. 



6 VERDIER DUALITY FOR LOCALLY COMPACT STACKS 



81 



(1) Let and i v denote the sheafification functors on the sites X and (U). Then 
we have a natural isomorphism 



% O P Z/f/ ~%oi», 



see ||BSS07| , Lemma 2.4.7] 



(2) Let F G ShX. If / : U — > V is a morphism (|6.6| ) in X, then we have a natural 
map f*F v -> Ff/. 

(3) There is a one-to one correspondence of sheaves F G ShX on the one hand, 
and of collections (Fu) (v-*x) ex of sheaves Fy G Sh(£7) together with functorial 
maps f*Fy — > Fjj for all morphisms /: U — > V in X on the other hand. 

(4) Let F, G G ShX. There is a one-to-one correspondence between compatible 
collections of morphisms gy: Fjj — > Gjj for all (U — > X) G X and maps 
9- !-(■■ 

(5) If F, G G ShX or F, G G F + (Sh Ab X), then a map F — > G is an isomorphism if 
and only if the induced map Fjj — *> Gy is an isomorphism for all (U — > X) G X. 

(6) Let / : X — > K be a representable map of locally compact stacks, (A — > K ) G Y 
and (B:=ixyX^ X) G X. Let g : B ^ Abe the projection onto the first 
factor and g* : Sh(F) -> Sh(A). Then we have for F G ShX or G G F>+(Sh Ab X) 

(f*F) A = 9*(F B ) , (F/,G) A S F^(G b ) . 

The second isomorphism follows from the first using the fact that the restric- 
tion vb preserves flabby or even injective sheaves (see Lemma [6.11| ). 

(7) If /: X — > Y is a map of topological stacks which has local sections, (B — > 
X) G X, then we have (F -> X -> F) G Y and for F G ShY 

(f*F) B = F B . 



(8) The collection of restriction functors (vu)(u-*x)£X detects flabby (flasque, flat) 
sheaves (see Definition |3.1| ), i.e. a sheaf F G Sh Ab X is flabby (flasque, flat) if 
and only if F v G Sh Ab (/7) is flabby for all (U —>■ X) G X (compare |6.2.6| for 
the flat case). 

(9) The collection of restriction functors {vu)(u^x)&i detects exact sequences, i.e. 
a sequence F — >• G —>■ H of sheaves of abelian groups on X is exact if and only 
if Fu -> G v -> Ff/ is exact for all (C/ -> X) G X. 
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Lemma 6.11. Let (U — > X) G X. The functor vy : Sh Ab X — > Sh Ab ([7) preserves 
injective sheaves. 

Proof. We show that vjj has an exact left adjoint v% : Sh Ab ([7) — > Sh Ab X. We first 
show that the restriction functor v v\j : Pr Ab X — > Pr Ab (£7) fits into an adjoint pair 

*v% : Pr Ab (f/) <=► Pr Ab X : p v v . 

The left-adoint is given by 

p is%(F)(A -> X) := colimF(V) , 
where the colimit is taken over the category of diagrams 

V* A , 




where V — > U is the embedding of an open subset. As explained in [ |Mil80| . 
II. 3. 18] we have a decomposition of this category into a union of categories S(4>) 
with (f) G Homx((v4 — > X), ([/ — > X)). The category 5(0) is the category of 
open neighbourhoods of <f)(A) and their inclusions. It is cofiltered. Therefore 
F i — > colims^Fiy) preserves finite limits and is in particular left exact. This 
implies that p v% given by 

*u%(F)(A - X) s 0colim 5W F(y) 

is left-exact, too. We now get v% := i" o p u^ o zj/. As a left-adjoint it is right-exact. 
Since %u is left exact and is exact, this composition is also left-exact. □ 

Lemma 6.12. Consider the following cartesian diagram in locally compact topolog- 
ical stacks 

H — G 

f 

Y X 

In this situation the two canonical ways to define a natural transformation 

u*f*^g*v*: Sh Ab (G) -> Sh Ab (Y) 
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give the same result, i.e. the diagram 

* f unit * * x u 9=f v * J?* p counit „ 

u /* ^ g*g u /* ^ 5f*u / /* g*v 



* r unit * r * u 9—f v * ^counit " * 

u *j* *-u j*v*v* >u u*g*v *-<7*v 



(6.13) 



commutes. This transformation is functorial with respect to composition of cartesian 
diagrams. 

Moreover, if u has local sections, then this transformation induces isomorphisms 



u*f*^g*v*: Sh Ab (G) -> Sh Ab (Y), 

%*<u*: D+Sh Ab (G) -> D+Sh Ab (Y). 

If u and f have local sections, then we get commutative diagrams 



„ unit 



counit^ 



unit 



u*g*g* — ^ f m v m g* f*f*v* 



counit" 

f*u*g* — ^ v*g*g* 



(6.14) 
(6.15) 



u 



unit 



counit , 



unit 



counit 



u*f*f* 9*v*f* ^— g*g*u* v*f*f* — ^ g*u*f* — ^ g*g*v* 
and their derived versions, e.g. 



u 



unit 



unit 



u*RfJ* Rg*v*f* ^— Rg*g*u* 



and also 



Ru*u* 



unit 



unit 



Ru*u*Rf*f* Ru*Rg*v*f* — ^ Rf*Rv*v*f* 



(6.16) 



Rf*Rv*g*u* Rf*f*Ru*u* 

(6.17) 



Proof. Most of the following arguments and the large diagrams were supplied by A . 
Schneider. For convenience we present a proof of ( |6.13| ), see also ||Del73| , Expose 
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XVII, Proposition 2.1.3]. We first observe that 



counit * 



(6.18) 



(/«)*(/«)? 



counit 
counit 



id 



commutes. Using this in addition to standard functorial properties we check that 
all squares in the following diagram commute: 



u*f* 



unit 



9*9 u f*~ 

unit 

g*g*u*f^v t .v* 



^g*(ug)*f* - 

unit 



-*9*(fv)*f»- 

unit 

■g*(fv)*f*v*v* 



* <•* £ counit „ 

• g*v f /* g*v 



unit 

■g*v*f*f*v*v 



unit 



* counit * * 

— > g*v v*v 



g*g*u* f*v*v* — ^ g*{ug)*(fv)*v* ^g*(fv)*(fv)*v* ^=g^fv)*(fv)*v*°— — ^^f* 



g*g*u*f*v*v* — =^ g*{ug)*{fv)*v* ^g*{ug)*{ug)*v* 

g*g*u*(ug)*v* 



■■ g*(ug)*(ug)*v*°— — > g*v 



g*g*u*f*v*v 

unit 



U*f* 



unit # 



u*f*v*v* 



■g*g*u*(fv)*v* 

unit 

-+u*(fv)*v* - 



* ^counit 

■ g*g*u u*g v *~ g*g g*v 



unit 



u*(ug)*v* 



unit 



unit 



, f * counit 
■ U u„g V g^v 



The two ways to go along the boundary from the upper left to lower right corner 
give the two maps u*f* — > g*v* in question. 

The isomorphism (6.14) can be shown as in |BSSU7, Lemma 2.16], where the assump- 
tion of smoothness of u in [ |BSS07|| corresponds to the assumption of local sections 
in the present setting. The derived version (|6.15| ) can be shown using the simplicial 
models as in [ B55D7 , Lemma 2.43]. Alternatively one can use the commutativity of 
the diagram asserted in Lemma [3.18| and the isomorphism ( 3.17|) . 
We now show the compatibility of the units and counits with cartesian diagrams. 
The arguments are purely formal and only use that the functors involved occur as 
parts of adjoint pairs. We will only give the details for the two triangles involving 
derived functors. If in addition to u also / has local sections, then so has g. In this 
case we have the adjoint pairs (f*,Rf*) and (g*,Rg*). In order to see (|6.16|) we 
must show that 



vr ^u*Rf*f* — Rg*v*f* 



Rg*(fv)* >■ Rg*{ug)* Rg*g*u* 



unit 
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commutes, where ^ : u*Rf*f* — > Rg*v* f* is induced by fl6.15|) . This is a conse- 
quence of the commutativity of 



a unit * n _f 
It ^U*Rf*f* 



unit 

Rg*g*u*f*f* 

unit 



Rg*v*f 



unit 



U 



Rg*g*u* 



Rg*(ug)*RfJ* 

unit 

^Rg*(ug)* — 



Rg*{fv)*RfJ 



unit 



Rg*(fv 




which follows from standard functorial properties of units and counits. 

The same properties are used in the proof of (|6.17|) which is represented by the 

boundary of the following big array of small commutative squares and triangles 



f.fu.u'Rf.f* S- Rf,f*u,Rg«g*u*Rf*f* S- Rf.f*R(ug),g*u*Rf,f* 



Rf,f*u,u*Rf,f* >■ Rf,fu*Rg,g*u*RUf* 5- Rf,f'R{ug),(ug)'Rf,f 



Rf,fu,u*Rf,f >■ Rf»f*u,Rg,g*u*Rf,f* S- Rf, f R(ug),{ug)* Rf, f 



Rf,f*u,u*Rf,f* =»- Rf,fu,Rg,g*u*Rf,f >■ Rf,f'R(ug),(ug)*Rf,f* 



Rf,f*u,u*Rf,f* >■ Rf„f*i u Rg»g»u*Rf. t f* 5- Rf,f'R(ug),(ug)'Rf,f 



Rf,f*u,u'Rf,f 9- Rf,f*u,Rg«g*u*Rf,f* S- Rf«fR(ug),{ug)*Rf,f 



Rf,f*u,u*Rf,f* S- Rf,f u ,Rg,g*u*Rf,f* ^ Rf,f'R(ug),(ug)'Rf,f 



f,f*-u,u* Rf,f* S- Rf,f*u,Rg*g*u*Rf,f* s- Rf,f*u,Rg,(ug)*Rf,f 



Rf,f*R(fv),g*u*Rf,f* — Rf,f'Rf,v,g'u*Rf,f*' : ° Urltt > Rf,v«g*u*Rf,f* <^ Rf,v*g*u* 



Rf,f*R(fv),(ug)'Rf,f* Rf,f*Rf«v«(ug)*Rf,f' C ° lmlt > Rf,v,(ug)*Rf,f* Rf,v,(ug)* 



counit ' unit 

Rf,f*R(fv),(fv)*Rf,f* Rf,f*Rf*v,(fv)*Rf,f* s~ Rf,v„(fv)*Rf»f* s Rf,v,(fv)* 



counit 

Rf*f*R(fv)»(fv)*Rf,f* >- Rf»f*Rf,v,v*f*Rf»f* s- Rf*v,v*f*Rf,f* t Rf,v*v*f* 



Rf,v*v*f 



counit 

Rf*f*R(fv),(fv)*Rf,f* >- Rf»f*Rf»v,v'f*Rf,f* Rf,f*Rf«v«v*f* s Rf«v,v*f* 



^counit ' , , unit 

Rf»f*R(fv),(fv)*Rf,f* >- Rf»f*R(fv),v*f*Rf»f* s~ Rf,f*R(fv),v*f* t R(fv),v*f* 



Rf,f*R(ug),(fv)'Rf,f* S- Rf,f R(ug),v* f* Rf, > Rf„f*R( U g),v*f* -^r— R(ug),v* f* 



Rf,f*u,Rg,{fv)*Rf,f* Rf,f*u,Rg,v*f*Rf,f* C ° Untt > Rf, f* u,Rg,v' f* u*Rg,v* f* 
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□ 

6.2 Tensor products and the projection formula 

6.2.1 We consider a Grothendieck site X and a commutative ring R. The goal of 
the present Subsection is to discuss aspects of the closed monoidal structures on the 
categories of presheaves Pr^_ Mod X and sheaves Sh^_ Mod X of i?-modules on X. The 
material is standard, but we need to understand in detail the relation between the 
sheaf and presheaf versions in order to show the compatibility with the operations 
induced by a morphism of stacks. 

6.2.2 Let F,G G Pr R _ Mod X be presheaves of R- modules. The tensor product F & 
G G Pr^-tfodX is defined as the presheaf which associates to (U — > X) the -R-module 
F(U) ® P R G(U). In this way Pr^_ Mod X becomes a symmetric monoidal category. 
Since colimits of presheaves are defined objectwise we have for a diagram of presheaves 
of -R-modules {Fi) ieI that 

colim, e/ (F, ® P R G) = (co\im teI F t ) ® P R G . 

6.2.3 For U G X let hu G PrX denote the presheaf represented by U and h§ G 
PrR_ Mod X be the presheaf of -R-modules generated by hjj. Let F,G G Pr#_ Mod X. We 
define the presheaf 

Rom p (F, G) G Pr R _„ od X 

by 

Honf (F, G){U) : = Hom Pril _ Mod x(^ ® p F, G) . 

The topology of the site of a locally compact stack is subcanonical. Hence, in this 
case hu is actually a sheaf. But even in the case of a subcanonical topology h§ is 
only a presheaf, in general. 

If U -> V is a morphism in X, then Hom p (F, G)(V) -> Hom p (F, G){U) is induced by 
the morphism hu — > h v . If H G Pr^_ Mod X, then we have 

Hom PlR _ nodX (H,Korf\F,G)) Hom Prfl _ HodX (colim^_ >H ^,HomP(F,G')) 

= lim Hom Prj? _ Hod x(^,Hom^F,G)) 

= lim Hom p (F,G)(V) 

= lim Hom Prfl _ ModX (^^F,G) 

= Hom PrB _ Hod x(colini h «^(/i« ® p F), G) 
Hom Prj? _ Mod x((colim h K^ Jf /i^) ® p F, G) 
= Kon PlR _ HodX (H® p F,G) 
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In other words, the pair (® p , Hom p ) together with this natural isomorphism defines 
a closed symmetric monoidal structure on Pr#_ Mod X. In particular, if (Fi) ie i is a 
diagram of presheaves, then we have 



Hom p (colimj e /Fj, G) = limHom p (F;, G) . 



(6.19) 



6.2.4 An element of 



Hom(F, G)(U) = Hom Prfl _ ModX (/i£ ® p F, G) 

is given by a collection of i?-linear maps (4>v^u '■ F(V) — > G(V))(y^>u)ex./u such 
that for a morphism (W — > U) 1— > — > [/) in X/C/ the diagram 

F(y) ^F(W) 

4>v^u 4>w^u 
-G(W^) 

commutes. Therefore 

Hom(F,G)(C/) ^Homp^x/c/^c/^ia) • 
Lemma 6.20. If G is a sheaf, then Hom(F, G) is a sheaf. 

Proof. Let [/6X and (C/j — > be a covering. In order to simplify the notation 

we consider V := Ujg/C/j. We must show that the sequence 

-> Hom(F, G){U) -> Hom(F, -> Hom(F, Gj^Xy V) 

is exact. 

Let ^ G Hom Prfl _ Hod x/a(-F|i/ ? <->V) be such that its restriction to V vanishes. If (W — > 
U) G X/C/, then V V -> W is a covering of W, and pr^ : G(W) -> V) 
is injective since G is a sheaf. In view of the commutative diagram 



F(W)- 



F(W x v V) 

(4>\v)wx v v 



G(W)-^G(W x v V) 
we see that ipw = 0. 

Let now G Hom Prfi ,_ Mod x/y(i 7 jv r , G|v) be such that the induced map 



$ G Homp rfl _ Mod x/(y X[7 y)(i 7 |yx !7 y,G r |yx !7 y) 
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vanishes. We will construct if) G Kom PTR _ U!id x_/u(F\u,G\u) such that ip\v = 0- Let 
(W -»• U) G X/U and / G F|c/(iy -> C/°) = Then W 1/ -> W is a 

covering of W and pr^/ G -Fjy^ X[/ V — > V) = F(W V). We get an element 

^x„v-v(pr^(/)) G G(W x v V) = G ]V (W x v V - V) . 

Note that {W x v V) x w (W x v V) S W Xj, (V x a V). The difference of the 
pull-backs of 0vyx c/ y^y(p r iV(/)) w hh respect to the two projections to W Xu V 
induces 

*wx v <yxvV)fa*wU)) = e X[/ V) x w Xc/ V)) . 

Again, since G is a sheaf there is a unique element ipw{f) (-^(W 7 ) such that 

Vv(/)|Wx p v = 0Tyx c/ y^v(pr^(/)) . 
The morphism tp is now given by the collection (ipw) {w ->u)&x/u ■ d 
0.2.5 If F, G G Sh fl _ Mod X, then we define F <g> G G Sh i? _ Mod X to be 

F®G:=i\i(F) ® p i(G)) . 

We furthermore define 

Hom(F, G) :=i i Eom p (i(F)J(G)) . 



X (H®F,G) = 


Hom ShiJ 




r\j 


Hom Prj? 




r\J 


Hom PriJ 


-Hod^ 


1 

r\J 


Hom Prj? 


-ModX 




Hom ShiJ 


-Hod^ 




Hom ShiJ 


-ModX 



Using the fact |6.20| that Rom p (i(F), i(G)) is a sheaf at the isomorphism marked by ! 
we get for every H G ShR_ Mod X that 

Hom Shfl _ ModX (F®F,G) = Rom ShR _ Hoi ^(i(H)® p i(F),G) 

(i(H) ®*i(F),i(G)) 
A x(i(H),Hotf{i{F),i(G)) 

(i(H),ioi^Eg^(i(F),i(G)))) 
(i* oi{H),Egm{F,G)) 
x(#,Hom(F,G)) . 

In other words, the pair ((g), Horn ) together with this natural isomorphism make 

Sh^_ Mod X into a closed symmetric monoidal category 

6.2.6 Let F, G G Sh i? _ Mod X and (U -> X) G X. Then we have 

(i^G^F^Ga . 

Indeed, this follows from the fact that sheafification commutes with the restric- 
tion from the site X to the site (U), see |6.1.14j . Since the collection of functors 
(vu){u-*x)ex. detects exact sequences it now follows that a sheaf F G Sh^_ Mod X is 
flat if and only if Fjj G ShR_ Mod ({7) is flat for all (U — > X) G X. This fact was 
claimed in |6.1.14| . 
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6.2.7 

Lemma 6.21. For F,G G Pr fl _ Mod X we have ® p G) = 

Proof. This follows from (we omit the functor i at various places in order to simplify 
the formula) 

Rom ShR _ HodX ^(F® p G),H) - Hom Prii _ KodX (F & G, H) 

- Hom PMX (F,Hom*(G,F)) 



~ TT /•)) 



J 



Hom Prif _ Hod x(^(F),Hom^G,H)) 
Hom PrK _ ModX (i«(F) ® p G, H) 

Hom Prfl _ ModX (* S G,Hom^F,ii)) 

Hom PriJ _ ModX (z«G'® p z»F,iJ) 

Hom Shfl _ KodX (z«Gg>z«F,#) 



for arbitrary if G Sh#_ Mod X, where we use Lemma |6.20| at the isomorphisms marked 



by !. □ 

6.2.8 Let /: X —>■ Y be a morphism of locally compact stacks. Let X and Y be 
the sites associated to X and Y. Consider the adjoint pair of functors 

P f* '■ PiR-ModY £5 PrR_ Mod X: /* . 

The proof of the following Lemma uses the product in Y described in [[BSS07 



Lemma 3.1] in a specific way. 

Lemma 6.22. For F,G G Pr fi _ Mod Y we have a natural isomorphism 

p f*{F ® p G) S p f*F ® p p f*G . 
Proof. We use the notation introduced in JB5S07], 2.1.4]. For (U — > X) G X we 



consider the category U/Y of diagrams 

U -X • 



V *- Y 

The functor p f* is defined in PSS07| , Definition 2.3] as a colimit over this category. 
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We consider the diagonal functor U /Y — > U /Y x U /Y given on objects by 
U -X i-> ([/ -X,[7 -X). 



V ^Y V ^Y V ^Y 

In view of the definition of p f* by colimits it induces a map 

p f*(F ® p G) -> ® p . 
In the other direction we have the functor U/Y x U /Y — > ?7 /Y given by 
([/ -X, U **X) C/ *-x . 



1/ V »- Y Vx Y V 9- Y 



This together with the projections V Xy V — » V and Xy V' — > V it induces the 
inverse map 

p f* F ® p p f*G ^ p f*(F ® p G) . 



□ 



6".£.P Let /: X — > K be a morphism of locally compact stacks. 
Lemma 6.23. For F,G £ ShR_ Mod Y we have a natural isomorphism 

f*(F®G) = f*F®f*G . 



Proof. For H e ShR_ Mod X, using the fact that p f* preserves sheaves (see |6.1.9| ) and 
Lemma |6.21| , we have 



Kom SiLR _ Koi x(f*(F®G),H) = Hom Shfl _ HodX (F®G< 

= Hom sllJi _ KodY (z«(z(F) ® p i(G)), <« o yj o i(iTj) 

- Hom Prfl _ HodY ((^(F) ® p i(G)), f p o i{H)) 
= Uom PlR _ KoiX ^r(i(F)^i(G)),i(H)) 

- Hom Prii _ Kod x( p r oi(F) ®"/* oi{G),i(H)) 
= Hom Sh „ x (^( P /* o i(F) ® PJ T o i(G)), IT) 
= Hom Sh „ x (r(F)®r(G),F) 



□ 
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6.2.10 For a derived version of Lemma |6.23| we assume that the morphism / : X — > 
Y of locally compact stacks has local sections. For simplicity we only consider the 
case R = Z, i.e. sheaves of abelian groups (finite cohomological dimension of R 
would suffice). Then the exact functor /* = (/j)* preserves torsion-free sheaves of 
abelian groups. Since the derived tensor product can be calculated using torsion-free 
resolutions we get the corollary 

Corollary 6.24. If f : X — > Y has local sections, then for F,G E .D + (Sh Ab Y) we 

have a natural isomorphism 

f*{F ® L G) ^ f*F® L f*G . 



of Lemma p.2'3 



6.2.11 Let /: X — > Y be a morphism of locally compact stacks. 

Lemma 6.25. For F e ShR_ Mod Y and G G Sh^_ Mod X we have a natural isomor- 
phism 

Hom(-F, f*G) = /*Hom(/*F, G) 

in Sh R _ Mod Y 

Proof. For any T £ Sh^_ Mod Y we calculate 
Hom Shf 



Y (T,f,Kom(f*F,G)) = Hom Shfl _ 


- Hod x(f*T, Rom(f*F, G)) 


— Hom Shfl 


_ n Mf*T®f*F,G) 


— Hom Shfl 


_ ModX (r(T®F),G) 


= Hom Shif 


_ KoiY (T®FJ # G) 


— Hom Shfl 


_ KodY (T,Hom(F,/*G)) 



□ 



6.2.12 Let /: X — > Y be a morphism of locally compact stacks. 

Lemma 6.26. For F £ ShR_ Mod Y and G £ Sh^_ Mod X we /iai>e a natural morphism 

f*G®F^f*(G®f*F) . 

Proof. The transformation is the image of the identity under the following chain 
of maps, where the first is induced by the counit /* o /* — > id of the adjoint pair 
(/*> /*); an d the second isomorphism is given by Lemma |6.23 . 

Hom ShH _ ModX (G®rF,G®rF) - Hom ShH HodX (/*/*G (g> /*F, G <8> 

= Hom Shfl _ HodX (raG®F),G®rF) 
= Hom Shfl _ HodY (/,G (g) F, /*(G ® . 
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Lemma 6.27. If f has local sections, then for F G Sh A bY and G G Sh A bX we have 
a natural morphism 



f*G 



UG® L fF) . 



Proof. We use the same argument as for Lemma |6.26| based on the adjoint pair 
(/*, Rf*) and Lemma p.24 



□ 



6.2.13 Let /: X — > Y be a morphism of locally compact stacks. 

Lemma 6.28. Let F £ Shfj_ Mod Y fre sheaf which is locally isomorphic to R Y , i-e. 
there exist an atlas a: U — > K snc/i t/iat a*F = P^. In this case we have the 
projection formula: For all G G Sh^_ Mod X or H G D + (Sh Ab X) the natural morphism 

f,G®F^ f,(G <g> , ® L F -> i2/„(# ® L 

are isomorphisms. 

Proof. This can be checked locally on the atlas U —* Y. We consider the pull-back 




U—^Y 

We must check that 

a* o (f,G ® F) -+ a* o /„(G ® /* F) 
is an isomorphism. This map is equivalent to 



a*(f*G®F) S a*f,G®a*F 
a*f*G®R u 
= a*UG 
= g*b*G 

gJ)*(G®R x ) 
= g*{b*G®b*f*R Y ) 
= g*(b*G®g*a*R Y ) 
= g*(b*G®g*a*F) 
= gJ>\G®f*F) 
= a*U{G®f*F) . 

The derived version is shown in similar manner. □ 
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6.2.14 We will also need the projection formula with different assumptions. Let 
/: X — > Y be a map of locally compact stacks. We consider F G Sh#_ Mod Y and 
G G ShR_ Mod X. 

Lemma 6.29. Assume that f is proper and representable, and that F is flat. Then 
the natural transformation 



f*G®F^f*(G®f*F) 



of \6.26\ is an isomorphism. 



Proof. Using the observations |6.1.14| we see that it suffices to show that for all 
(U — > Y) G Y the induced morphism 



g*Gv £ 

is an isomorphism. Here g: V — 
defined by the cartesian diagram 



Fu^g*{G v ®g*Fu) (6.30) 
U is the proper map of locally compact spaces 




The map ( |6.3(J| ) is an isomorphism by | [KS94| , Prop. 2.5.13]. 



□ 



6.2.15 We also have a derived version of the projection formula in the case of 
sheaves of abelian groups. The main point is that the ring Z has a finite cohomolog- 
ical dimension (in fact equal to 1). Let /: X — > Y be a morphism of locally compact 
stacks. 

Lemma 6.31. Assume that f is proper and representable. If G G D + (Sh Ab Y) and 
F G _D + (Sh Ab X), then we have 



Rf*G ® L F —> Rf*(G ® L f*F) 



in D+(Sh Ab Y) 



Proof. As in the proof of Lemma 6.29 we can reduce to the small sites (U) for all 
objects (U — > Y) G Y. After this reduction we apply ||KS94| , Prop. 2.6.6] and the 
fact that the cohomological dimension of Z is 1, hence finite. □ 



6 VERDIER DUALITY FOR LOCALLY COMPACT STACKS 



95 



6.2.16 The following derived adjunction again uses the finiteness of the cohomo- 
logical dimension of Z. 

Lemma 6.32. For F,G, H e Z) + (Sh Ab X) we have a natural isomorphism 

J RHom ShAbX (F ® L G, H) = J RHom ShAbX (F, REgm(G, H)) . 

Proof. If G £ Sh Ab X is flat and H e Sh Ab X is injective, then the functor 

Sh Ab X 9Fh Hom ShAbX (F, Hom(G, H)) = Hom^x^ ®G,H)e Ab 

is, as a composition of exact functors, exact. It follows that Hom(G, H) is again injec- 
tive. We now show the Lemma. We can assume that if is a complex of injectives. 
Furthermore, since the cohomological dimension of Z is one, hence in particular 
finite, we can assume that G is a complex of flat sheaves. Then we have 

RHom ShkbX (F® L G,H) = Hom ShAbX (F ® G, H) 

= Hom ShAbX (i 71 ,Honi(G,iJ)) 
= J RHom ShAbX (F,Hom(G',i7)) . 

□ 



6.3 Verdier duality for locally compact stacks in detail 

6. 3. 1 Let / : X — > Y be a map of locally compact stacks. 

Definition 6.33. We say that the cohomological dimension of f* is not greater than 
n EN if the derived functor R % /* : Sh Ab X — > Sh Ab Y vanishes for all i > n. 

The main theorem of the present subsection is 

Theorem 6.34. Assume that f : X —>Y is a representable and proper map between 
locally compact stacks such that /* has finite cohomological dimension. Then the 
functor Rf* \ -D + (Sh Ab X) — > D + (Sh Ab Y) admits a right adjoint f : _D + (Sh Ab Y) — > 
£> + (Sh Ab X). 

The proof of Theorem |6.34| will be finished in |6.3.6| . The main idea is to transfer 
the construction of f from [ KS94 , Section 3.1] to the present situation. 

6.3.2 We consider the functorial flabby resolution (see |3.10p of the constant sheaf 
Z x — > JF/(Z X ) and form the truncated complex K := T- n J-'l('I i - K ) so that in partic- 
ular K n = ker(.H n (Z x ) -> ,H n+1 (Z x )). 

Lemma 6.35. Assume that f is representable and that /* has cohomological dimen- 
sion not gerater than n. Then the complex 

-> Z x -> K° -> K 1 -> > ^ n -> (6.36) 

zs a /Zai and f \- acyclic resolution of Z x . 
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Proof. The sheaf ker(K n — > K n+1 ) is a torsion- free subsheaf of a torsion-free sheaf 
and therefore flat (compare |[KS94| , Lemma 3.1.4]). By Lemma |3T4] the flabby sheaves 
K l for i = 0, ...,n — 1 are /^-acyclic. In order to see that K n is /^-acyclic, it 
suffices to show that R l f*(ker(K n — > K n+1 )) = for i > 1. In fact, we have 
J R7,(ker(iT n -> JsT n+1 )) = i? i+n /*Z x ^ 0. □ 

The fibres of a representable and proper morphism of topological stacks are 
compact. This is explicitly used in the proof of the following Lemma. 

Lemma 6.37. // / : X — > Y is a representable and proper morphism of locally 
compact stacks, then the functor /* : Sh Ab X — > Sh A bY preserves direct sums. 

Proof. Let (Gi) iE i be a family of sheaves in Sh Ab X. Then we have a canonical map 

0°/.(GO-/.°0(GO . 

iei iei 

In order to show that this map is an isomorphism we show that the induced map 

(©oA(G,))^(/ > o0(G l )) [/ 
iei iei 

is an isomorphism for all (U — > Y) G Y. Choose such (U — > K) and consider the 
cartesian diagram 

V — -X . 




It suffices to show that the induced map 

0oft(GiV->j,o0(G 1 ) [ , 

is an isomorphism. We consider the induced map on the stalk at x G U. Since the 
restriction to g~ 1 {x) commutes with the sum and g~ l (x) is compact it is given by 

oT( g -\x), [(G^g-i^) -> r^- 1 ^), ®[(G i )d| 9 - i w) 

(see [|KS94| , Proposition 2.5.2]). But this last map is an isomorphism since the global 
section functor on sheaves on a compact space commutes with sums. □ 
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6.3.4 Fix j G {0, 1,2 ... ,n} and set K := K 3 , see 

Lemma 6.38. Let f : X —>■ Y be a representable, proper morphism of locally 
compact stacks such that has cohomological dimension not greater than n. Then 
the functor G 1— > f*{G ® K) is an exact functor Sh Ab X — > Sh Ab Y. Furthermore, 
G ® K is /*- acyclic. 



Proof. In the following proof we freely use the facts listed in 6.1.14 . Let G' be an 
exact complex in Sh Ab X. For (U — > Y) G Y consider the cartesian diagram 



V 



u- 



X 



Y 



Note that (V — > X) G X. By construction (see | |KS94| , Lemma 3.1.4]) Ky is flat 
and g-soft. The complex G v is exact. By [|KS94| , Lemma 3.1.2 (ii)] the complex 
g*(G v ® K v ) = (f*(G' <S> K))u is exact. Since this is true for all {U — > Y) G Y we 
conclude that <8> K) is exact. 

We now show that G ® K is /^-acyclic. We must show that R % f*{G <S> K) = for all 
i > 1. For (U -> y) G Y as above we have (i2*/*(G ® K)) v = R i g»(G u ® ^) ^ 0, 
since (8> is (/-soft by |KS94j , Lemma 3.1.2 (i)] (note that K v is flasque and 
flat). Since (U — > Y) was arbitrary this implies that R l f*(G ® if) = □ 

6.3.5 For (V — > X) G X let /iy denote the sheafification of the presheaf h v , the 
presheaf of free abelian groups generated by the sheaf hy represented by V. We 
consider the functor f K : Sh Ab Y — > Pr Ab X which associates to a sheaf F G Sh Ab Y 
the presheaf f' K (F) G Pr Ab X given by 

X9(^X)h /L.F(V) := Hom ShAbY (/,(^ ® K), F) G Ab . 

Note that if — > fk(F) is also a functor in K (for fixed F). 



Lemma 6.39. Let K be as in \6. 3.J^ and f : X — > Y be a representable, proper 
morphism of locally compact stacks such that /* has cohomological dimension not 
greater than n. Assume that F G Sh Ab Y is an injective sheaf. Then f K (F) is an 
injective sheaf. Furthermore, for G G Sh Ab X there is a canonical isomorphism 



Hom ShAbY (/,(G ®K),F) = Hom ShAb x(G, f K (F)) . 



(6.40) 



Proof. We show that f K F is a sheaf by copying the corresponding argument in the 
proof of |[KS94| , Lemma 3.1.3]. The functor G 1— > Hom ShAbY (/*(G ! (g) K ), F) is exact by 
Lemma |6.38| and injectivity of F. If we establish the isomorphism (|6.40| ), then we 
also have shown that fk{F) is injective. 
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For (W — > X) G X we have a canonical isomorphism 

Hom ShAbY (/,(^ <g> K), F) = f K (F)(W) - Hom ShAbX (^, f K (F)) . 



(6.41) 



For a system of sheaves we have a natural map colinijg/ o f*{Gi) — > /* o 

colim ie /(Gi). For G G Sh Ab X we get 

Hom ShAbY (/*(G®ir),F) = Hom ShAbY (/*((colim^ 



I 



®K),F) 

Hom ShAbY (/* ° colim^_ G (/i^ (g if), F) 
Hom ShibY (coHm^_ +G o f*(hw ®K),F) 
lim Kom Sha ,v(f*(hw®K),F) 

.lim Hom ShAbX (^,/],(F)) 



= Hom ShAb x(colim^^ G ^,/ x (F)) 
= Hom ShAbX (G,/],(F)) . 

The marked isomorphism uses that the tensor product of sheaves commutes with 
colimits, a consequence of the fact |6.2.5| that it is part of a closed monodial structure. 
It remains to show that this composition is an isomorphism. If we write out the 
definition of the colimit in G = colim^z ^g"w we obtain an exact sequence of the 
form 

(6.42) 

je.J iei 

Now observe that for any collection (G?i)i e j of sheaves in Sh Ab X we have 
Hom ShAbY (/,((0 d) ®K),F)^Y[ Hom ShAbY (/,(G i ®K),F) 

i iei 

since /* (Lemma |6.37| ) and • • ■ ® K commute with sums. Clearly we also have 
Hom ShAb x (0G 4 ,/i(F)) = n Hom ^ b x(G l; /],(F)) . 

i iei 

From ( |6.42 ) we thus get the diagram 

. Hom ShAbY (/,(G ®K),F) fig/ Hom ShAbY (/,(^ ®K),F)- 



Horn 



ShAbX 



(GJk(F)) 



n ie /Hom ShAbX (^,/],(F)) 



n je jHom ShAbY (/,(^®if),F) 



-n )e jHom ShAb x(^,/],(F)) 
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Because of the isomorphism ( |6.41| ) the maps a and (3 are isomorphisms. The upper 
horizontal sequence is exact by Lemma |6.38| . The lower horizontal sequence is exact 
by the left-exactness of the Hom-functor. It follows from the five Lemma that ( 6.40|) 
is an isomorphism. □ 

6.3.6 Let /Sh Ab X C Sh Ab X denote the full subcategory of injective objects and 
-ff + (/Sh Ab X) be the category of complexes in /Sh Ab X which are bounded below, and 
whose morphisms are homotopy classes of chain maps. Then we have an equivalence 
of triangulated categories 

^+(/Sh Ab X) = D+(Sh Ab X) . 

Let / : X — > Y be a representable, proper morphism of locally compact stacks such 
that /* has cohomological dimension not greater than n, and let K' be as in |6.3.2 . 
We then define the functor f : K + (/Sh Ab Y) -> fsT + (/Sh Ab X) by 

f(F-) = (fk(F-))tot, 

where E t ' ot denotes the total complex of the double complex E'''. Since f K preserves 
injective sheaves by Lemma |6.39| this functor is well-defined. Furthermore, for F G 
-fT + (/Sh Ab Y) and G G i^ + (/Sh Ab X) we have by Lemma |6.39 a natural isomorphism 
between spaces of chain maps 

Hom c+(ShAbY) (/«(G' ®K-) toU F-) = Honi C7+(ShAb x)(G-,/ ! (F )) 

which descends to an isomorphism on the level of homotopy classes 

Homfc:+(/ ShAb Y) (UG ®K) tot ,F) = Hom A - +(/ShAb x)(G'-,/ ! (F-)) . 

Since f'(F') is a complex of injective sheaves we have 

Hom A +(/ ShAbX ) (ShAbX) 

Note that G' = G' ® Z x — > {G' ® K') tot is a quasi-isomorphism, and the complex 
G' ® K' consists of /^.-acyclic sheaves by Lemma |6.38 . Therefore ® K 

Rf*(G'). Since F' is injective we have 



tot — 



Uom K + (sh Ab Y)(/*(G <8> K ) tot , F ) = Hom D +( ShAbY ) (Rf*(G-),F-) . 
We conclude that 

Hom D+(ShAbY) ( J R/,(G"),F ) ^ Hom D+ (Sh Ab X) 
This finishes the proof of Theorem |6.34| . □ 
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6. 3. 7 We consider morphisms / : X 
and form the cartesian diagram 



Y and u : U — > Y of locally compact stacks 




Lemma 6.43. Assume the f is representable, proper and that /* /ios finite coho- 
mological dimension. Assume furthermore that u has local sections. Then we have 
a natural transformation v * o f g- ou* . 

Proof. First note that g is representable, proper and that g* has finite cohomological 
dimension. Furthermore, v has local sections. We apply f to the unit id — > Ru*ou* 
and obtain a morphism 

f -> / ! o flu, o it* . (6.44) 

Since / is representable and u has local sections we have the isomorphism (see 
Lemma |67L| or [[BSS07| , Lemma 2.43]) 

It* o Rf, 9i Rg, o v* . 

Taking its right adjoint yields the isomorphism 

f o Ru* = Rv* o g- . 



We plug this into ( 6.44 ) and obtain a transformation 

f — ► i?f * o g~ o u* . 
Its adjoint is the desired transformation 



□ 



The following adjunction is a consequence of the derived projection formula 
Lemma |6.31| and the derived adjunction Lemma |6.32| 



Lemma 6.45. If f : X — > Y is a representable proper morphism of locally compact 
stacks which has local sections and is such that /* has finite cohomological dimension, 
then for G G D + (Sh A bX) and F G _D + (Sh A bX) we have a natural isomorphism 

RLRHom(G, f l F) ^ REom(RtG,F) . 

Proof. Let H G D + (Sh Ab X) be arbitrary. Then we calculate using Lemma |6.8| and 



Lemma 6.31 that 



REom ShkbY (H, Rf*RRgm(G, f ] F)) 



i?Hom ShAb x(/^,i?Hom(G,/ ! F)) 
i?Hom ShAbX (r# ® L G,fF) 
RHom ShkbY (Rf*(f*H(S) L G),F) 
RRom ShkbY (H ® L Rf*G, F) 
RRom ShkbY (H, R3gm(Rf m G, F)) . 
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6.3.9 

Definition 6.46. // / : X — > Y is a proper morphism of locally compact stacks such 
that /* has finite cohomological dimension, then we define the relative dualizing 
complex by 

UX/Y ■= / ! Qd Y ) • 

It would be interesting to know the structure of ujx/y for a topological submersion 
/ in the sense of WSM, Def. 3.3.1]. 



6.3.10 In a different setup of Artin stacks and the lisse-etale site in |[LO05|| a 
six functor calculus was constructed. Starting with the observation that dualiz- 
ing sheaves on the small sites are sufficiently functorial the functors Rf\ and f are 
constructed on constructible sheaves by duality. In this approach one can relate the 
global f with the local versions without any difficulty 

A similar approach may work in the present topological context as well, but it is 
not clear how the resulting f l will relate to the construction in the present paper. 



6.4 The integration map 

6.4-1 Let M be a closed connected orientable n-dimensional topological manifold. 

Definition 6.47. A map between locally compact stacks f : X — > Y is a locally 
trivial fibre bundle with fibre M if for every space U — > X the pull-back U x Y X — > U 
is a locally trivial fibre bundle of spaces with fibre M . 

Note that a locally trivial fibre bundle / with fibre M is representable, proper and 
has local sections, and /* has finite cohomological dimension. In order to see the 
last fact and to calculate -R n /*(Z X ) we consider (U — > Y) e Y and let V — > U 
be surjective and locally an open embedding such that we have a diagram with 
cartesian squares 



M ■ 

q 



V Xy X 
Ii 

— v — 



U x Y X 



■U- 



X 



(6.48) 



Y 



The map g is a topological submersion in the sense of [KS9J , Def. 3.3.1]. As 
remarked in |[KS94| , Sec. 3.3] the cohomological dimension of g* is not greater than 
n. This implies (R z f^F) u = R' l g*(F UXY x) = for all i > n. Since this holds true 
for all (U — > Y) e Y we conclude that R % f*F = for all i > n. 
We use the left part of the diagram ( |6.48|) in order to see that -R n /*(Z X ) is locally 
isomorphic to Z Y . In fact, we have 
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A choice of an orientation of M gives an isomorphism R n q*^M) — Zlu) an d therefore 
^ n /*(^x)v=P*Z w =Z (y) . 

Definition 6.49. A locally trivial fibre bundle f : X —>■ Y with fibre M is called 
orientable if there exists an isomorphism i? n /*(Z x ) = Z Y . An orientation of f is a 
choice of such an isomorphism. 

6.4-2 Let / : X — > Y be a locally trivial fibre bundle with fibre M, where M is a 
compact closed n-dimensional topological manifold. We consider the /^-acyclic and 
flat resolution K defined in QS.36| ). The following was observed in |6.3.6| 

Corollary 6.50. The functor Rf*: -D + (Sh Ab X) — > D + (Sh Ab Y) is represented by 
/* o Tg, where T% is tensor product with the complex K . 

We now define a natural transformation 

RKom(R n f*(Zx), F) -> Rf* o f\F) . 
Let F G C + (/Sh Ab Y) be a complex of injectives. We start from the observation that 

R n f*(%x) = UK^/lmiUK™- 1 ) -> UK n )) . 
For (U — > K) G Y we thus obtain a chain of maps of complexes 

Hom(iri*Z x , F)(C7) S Hom ShAbY (^, Hom(iT./;Z x , F)) 

- Hom ShAbY (^®iT/*(Z x ),F) 

= Hom ShAbY (^ ® /,(K")/im(/,(^- 1 ) - /,(^ n )), ^) 

- Hom ShAbY (^®/,(K),F) 

Hom ShAbY (/,(r^®^),F) 

Hom ShAbX (/*^,/],(F)) 
Hom ShAbX (^,/,o/],(F)) 
f*of K (F)(U) , 



Lemma p. 29 



Lemma p.3£ 



where the map marked by ! has degree n. The projection formula Lemma |6.29| can 
be applied since f*hf} is flat. This transformation preserves homotopy classes of 
morphisms F — > i 7 ". Since F is injective we have 

Hom(i? n /,Z x , F) S RRom(R n f*Z x , F) . 



Further note that f' K (F) is still a complex of injectives by Lemma p.39 . There- 



fore /* o f' K (F) = Rf* o f'(F). Hence this chain of maps of complexes induces a 
transformation 

i?Hom(/rV*Z x , F ) R f, o . (6.51) 
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6.4-3 Its adjoint is a natural transformation 

RfJ*RUom(K n tZ^, F)->F . 

Let us now assume that / : X — > Y is in addition oriented by an isomorphism 
R n f*ZoL — —Y' We precompose with this isomorphism and get the integration map. 

Definition 6.52. The integration map 

RU o f* -> id 



is the natural transformation of functors /} + (Sh Ab Y) — > D + (Sh Ab Y) o/ degree —n 
defined as the composition 

RfJ*(F) = i?/J*(Hom(Z Y ,F)) - RfJ*(Xom(R n f*(Zx),F)) - F . 



In Lemmas |6.72| and |6.83| we will verify in the more general case of unbounded derived 
categories that the integration map is functorial with respect to compositions and 
compatible with pull-back diagrams. 

6.5 Operations with unbounded derived categories 

6. 5. 1 The category of sheaves Sh Ab X on a locally compact stack is a Grothendieck 
abelian category (see 3.20 ). The category of complexes in a Grothendieck abelian 



category carries a model category structure (see |3.3.2| ). The unbounded derived 
category is the associated homotopy category. The goal of the present subsection 
is to extend the sheaf theory operations (/*, /*) and the integration map Jj. to the 
unbounded derived category. 

Many results of the present subsection would continue to hold if one drops the 
assumption of local compactness in the definition of the site associated to stacks 
as well as for the stacks themselves. But the assumption of local compactness is 
important for the integration map since it uses versions of the projection formula. 
6.5.2 Let /: X — > Y be a morphism between locally compact stacks. Then we 
have an adjoint pair of functors 

f:C(Sh Ab Y)^C(Sh Ab X):/*. 

In order to descend the functor /* to the lower bounded derived category it was 
sufficient to know that /* is left exact. In this case the idea is to apply /* to 
injective resolutions. The descent of the other functor /* is usually only considered 
if it exact, but see e.g. | Ols07 l for more general constructions. We know by |6.1.11 



that the functur /* is exact if / has local sections. 
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It is not possible to show using the left exactness that /* preserves quasi-isomorphisms 
between unbounded complexes of injectives. Even worse, it is not clear how to re- 
solve an anbounded complex by an injective complex. The method to descend /* to 
the derived category uses abstract homotopy theory and works under the additional 
assumption that / has local sections. 

Recall that we use a model structure on the category C(Sh Ab X) of unbounded com- 
plexes of sheaves for which the equivalences are the quasi-isomorphisms, and the 
cofibrations are the level- wise injections (see |3.3.2| ). The inclusion C + (Sh Ab X) 



C (Sh Ab X) of the full subcategory of lower bounded complexes induces an identifica- 
tion D+(Sh Ab X) = /iC + (Sh Ab X) ^ /iC(Sh Ab X) =: D(Sh Ab X) of the lower bounded 
derived category as a full subcategory of the unbounded derived category. 
The functor Rf* : _D + (Sh Ab X) — > _D + (Sh Ab Y) is the adjoint of the restriction of 
/* to the lower-bounded derived categories, and it is therefore the restriction of 
Rf* : D(Sh Ab X) £>(Sh Ab Y) to be defined below. 

Lemma 6.53. // the morphism f ': X —*Y of locally compact stacks has local sec- 
tions, then (/*,/*) is a Quilllen adjoint pair. 

Proof. We use the criterion | )Hov99| , Def. 1.3.1 (2)] in order to show that /* is a left 
Quillen functor. We must show that it preserves cofibrations and trivial cofibrations. 
In other words, we must show that /* preserves injections and injections which 
induce isomorphisms on cohomology. Both properties follow from the exactness of 
/* : Sh Ab Y -> Sh Ab X. □ 

6.5.3 Let /: X — > Y be a map between locally compact stacks which has local 
sections. Since (/*, /*) is a Quillen adjoint pair it induces a derived adjoint pair 

Lf* : /iC(Sh Ab Y) ^ /iC(Sh Ab X) : Rf* 

(see Lemma |[Hov99| , Lemma 1.3.10]). Since /* is exact it directly descends to the 



homotopy category. 

6.5-4 Let g: Y — > Z be a second map of locally compact stacks which admits local 
sections. Then we have adjoint canonical isomorphisms 

(g°f)* = r°g*, (0o/)* = «W.- (6-54) 

Lemma 6.55. We have a canonical isomorphism 

R(g o /), S R 9m o Rf* . 
Proof. Using | Hov99 , Thm. 1.3.7] we have a natural transformation 

R(g o /)* = R(g, o /„) -> Rg. o Rf, (6.56) 
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which is adjoint to 



Lf*oLg*^L(tog*)^L(gofy . 



(6.57) 



Since Lf*, Lg*, and L(g o /)* are plain descents of /*, g*, and (g o /)* to the ho- 
motopy category it follows from ( |6.54[) that ( |6.57 ) is an isomorphism. Therefore its 
adjoint (|6.56 ) is also an isomorphism. □ 



6. 5. 5 Consider a cartesian diagram of locally compact stacks 



U 



X 



V 



Y 



where all maps have local sections. Using the unit id — > v*ov*, the counit u* ou* 
id, and (6.54) we define (see Lemma 6.12) a transformation 



u* o f # — > u* o f # o v* o v* = u* o u* o g* o v* 



g*ov 



It is functorial with respect to compositions of such cartesian diagrams. By the 
same method we obtain a transformation 

Lu* o Rf* -> Rg^ o Lv* . (6.58) 

6. 5. 6 By Lemma |6.12| we know that the transformation 

u ° j* g* ov 

is in fact an isomorphism. The derived version is more complicated and needs an 
additional assumption. 

Lemma 6.59. Assume that g is representable and g* : Sh Ab U — > Sh Ab V has finite 
cohomological dimension. Then the transformation ( \6. 58J is an isomorphism. 



Proof. We choose fibrant replacement functors 

I x : C(Sh Ab X) - C(Sh Ab X) , I v : C(Sh Ab U) -> C(Sh Ab U) . 

In terms of these replacement functors we can write the compositions of derived 
functors as descents of quasi-isomorphism preserving functors on the level of chain 
complexes: 



Lu* o Rf„ = u* o o I x , Rg* o Lv* = g* o I v o v* . 
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Let F G C(Sh Ab X). We must show that the marked arrows (induced by id — > ly 
and id — > I x ) in the following sequence are quasi-isomorphisms 

u*fJ x (F) - g*v*I x (F) H 9 J uV *I x (F) ^ gJuv*(F) . 

The arrow marked by (**) is a quasi-isomorphism since the functors g*Ijj and v* 
preserve quasi-isomorphisms, and F — ► I X (F) is a quasi-isomorphism. 
The morphism (*) is more complicated, and it is here where we need the assump- 
tion. It is a property of the injective model structure on the chain complexes of a 
Grothendieck abelian category that a fibrant complex consists of injective objects. 
An injective sheaf is in particular flabby. Since v has local sections v* preserves 
flabby sheaves (Lemma |3.5| ). We conclude that v*I x (F) is a complex of flabby 
sheaves. 

Let G G C(Sh Ab U) be a complex of flabby sheaves. We must show that g*(G) — > 
g*Iu{G) is a quasi-isomorphism. Since g* is an additive functor this assertion is 
equivalent to the assertion that g*(C) is exact, where C is the mapping cone of 
G — ► Ijj{G). Note that C is an exact complex of flabby sheaves. It decomposes into 
short exact sequences 

-> Z n -> C n -> Z n+1 -> , 



where Z n := ker(C n — > C n+1 ). Since g is representable we know by Lemma |3.4| that 
flabby sheaves are g^-acyclic. Therefore we obtain the exact sequence 

-> ^(Z") - ^(C") -> ^(Z" +1 ) -> -> 

and the isomorphisms 

i?V(^ n+1 ) ^R k+1 g*(Z n ) 
for all > 1. By induction we show that for k > 1 and all / G N we have 

R k g*(Z n ) = R k+l g*(Z n - 1 ) . 

Since we assume that has bounded cohomological dimension we conclude that 
R k (Z n ) = for all n G Z and > 1. In particular the sequences 

- g.(Z n ) - g*(C n ) -> ^(^ n+1 ) - 
are exact for all nGZ. This shows the exactness of g*(C). □ 

5. 7 Let now / : X — > Y" be a representable map between locally compact stacks 
which is an oriented locally trivial fibre bundle of closed oriented manifolds of dimen- 
sion n. In particular, / has local sections and is proper, and /* has cohomological 
dimension < n. We consider the canonical flabby resolution (see |3.10|) 



o -> z x -> J"z°(z x ) -> n 1 ^) 
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Then we know that /*.FZ(Z X ) is exact above degree n. We let K denote the trun- 
cation ( |6.36| ) of this resolution at n. Then the orientation of the bundle (see |6.49| ) 
gives the last isomorphism in the following composition 

UK n -> f*K n /±m{f*K n - 1 -> f*K n ) = R n f*Z x = Z Y . 

We let T K : C(Sh Ab X) — > C(Sh Ab X) denote the functor which associates to the com- 



plex F the total complex Tk(F) of F ® K. The projection formula Lemma |6.29| for 
the proper representable map / gives an isomorphism 

f*oT K of*(F) = T ftK (F) 

for complexes of flat sheaves F G C(Sh Ab Y). The inclusion Z x — > K and the 
projection f*K — > Z Y [— n] induces transformations 

id - T K , T fmK . -> id[-n] . (6.60) 



#.5.S We know by Lemma 6.38 that the functor 



UoT K : Sh Ab X^Sh Ab Y 

is exact. We choose a functorial fibrant replacement functor id — > I on C(Sh Ab X). 
Let R : C(Sh Ab Y) — > C(Sh Ab Y) be the functoral flat resolution functor of |3.4.1| , 
extended to unbounded complexes. Then we consider sequence 

f.olof* - f*oT K oLof* J- f*oT K of* ± f*oT K of*oR 9* T ftK oR - i?[-n] - id[-n] 

(6.61) 

All functors in this sequence preserve quasi-isomorphisms and therefore descend 
plainly to the homotopy category /iC(Sh Ab X). Since /* o T K is exact the arrows 
marked by ! induce isomorphisms of functors on the homotopy category. Now ob- 
serve that the descent of f^olof* to the homotopy category is isomorphic to 
Rf* o Lf*. Therefore (|6.61|) induces a transformation 

J: Rf*oLf* ->id[-n] . (6.62) 

Definition 6.63. The transformation ( \6. 62J is called the integration map. 

It generalizes Definition |6.52| from the lower-bounded to the unbounded derived 
category. 

6.5.9 In order to have a simple definition we have defined the integration map 
using a canonical resolution of Z x of length n. In fact, we can use more general 
resolutions. This will turn out to be useful for the verification of functorial properties 
of the integration map. 
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6.5.10 Let us first recall some notation. An object (U — > X) G X represents the 
presheaf hjj G PrX (see also |6.2.3|) . We let hfj G Pr Ab X be the free abelian presheaf 
generated by h v and form := G Sh Ab X. 

Definition 6.64. Let f : X — > Y be a map of locally compact stacks. A sheaf 
F G Sh Ab X is called locally f ^-acyclic, if for every (U — > X) G X and k > 1 we have 
R k f*(hu®F) = 0. 

6.5.11 Let / : X —>■ Y be a map of locally compact stacks. 

Lemma 6.65. Assume that the cohomological dimension of f* is bounded by n. If 

L° -> L 1 -> > L n - 1 -> L n -> 

zs an exaci complex such that the L l are f ^-acyclic (or locally f ^-acyclic) for i = 
0, ... ,n — 1, i/ien L n f^-acyclic (or locally f ^-acyclic, respectively). 

This can be shown by a similar induction argument as used in the proof of Lemma 

□ 



6.5.12 Let / : X — > K be a map of locally compact stacks. 

Lemma 6.66. Let (V — > X) G X and F be locally f ^-acyclic. Then hy <S> F is 
locally f*- acyclic. 

Proof. Indeed, let (U — > X) G X. Then we have 
Furthermore we have 



where we use the fact, that the absolute product in X is given by the fibre product 
spaces over X ( PSS07| , Lemma 2.3.3]). It follows that 



R k f*(hl ® ® F)) = R k f*(hl XxV ®F) = 
for all fc > 1. □ 
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6.5.13 Let / : X — > Y be a map of locally compact stacks. 

Lemma 6.67. Assume that f is proper, representable, and that the cohomological 
dimension of f* is bounded. If F G Sh Ab X is flat and locally j \- acyclic, then for any 
sheaf G G Sh Ab X the tensor product G ® F is f ^-acyclic and locally f ^-acyclic). 



Proof. We construct a resolution ■ 



Gn ► Gi 



Gr 



G, where all G, 



are coproducts of sheaves of the form hj). In fact, we have a surjection 

hl^G. 



If we have already constructed Gj 
by 



e 



•Go 



G, then we extend this complex 



Gj . 



Since F is flat, the complex 



Gq 



Gr 



G®F 



is exact. The tensor product commutes with direct sums. Therefore Gj®F is a sum 



of /^-acyclic sheaves, and by Lemma |6.66| also of locally /^-acyclic sheaves. Since 
f^ commutes with direct sums (Lemma |6.37| ) the sheaves Gj ® F are themselves 
/^-acyclic and locally /*-acyclic. With Lemma |6.65| we conclude that G <8> F is /*- 
acyclic and locally /*-acyclic. □ 

6. 5. 14 Let / : X — > Y be a map of locally compact stack. 

Lemma 6.68. If f is representable, then a flasque sheaf is locally f ^-acyclic. 

Proof. Let F E Sh Ab X be flasque. We consider (U — > Y) e Y and form the cartesian 
diagram 

V -X . 



U 



Y 



Then (V — > X) G X and we have Rf*(F)u = Rg*{F v ). The restriction F y G 



Sh A b(V) is still flasque. A flasque sheaf on (V) is g-soft (see [ |KS94| , Definition 
3.1.1]). But this implies that R k g Jf (Fy) = for k > 1. Since U —>Y was arbitrary 
we see that R h f*(F) = for fc > 1. □ 
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6.5.15 Let us from now on until the end of this subsection assume that / : X — > Y 
is a proper representable map of locally compact stacks which is an oriented locally 
trivial fibre bundle with fibre a closed connected topological manifold of dimension 
n. 

Since a flat and flasque sheaf is locally /^-acyclic and K is a truncation of a flat 
and flasque resolution of Z x we see by Lemma |6.65| that K is a complex of flat 



and locally /^-acyclic sheaves. These are the two properties which make the theory 
work. 

Let L — > M be a quasi-isomorphism between upper bounded complexes of locally 
/*-acyclic and flat sheaves. 

Lemma 6.69. For every complex F e C(Sh Ab X) the induced map 

f # (F®L)^f*(F®M) 

is a quasi-isomorphism. 

Proof. We form the mapping cone C of L — > M. It is an exact complex of locally 
/^-acyclic and flat sheaves. Since the tensor product and g* commute with the 
formation of a mapping cone it suffices to show that f*(F <S> C) is exact. 



We know by Lemma |6.67| that F <g> C is a complex of /*-acyclic sheaves. We claim 
that F ® C is exact. 

To this end we first show that H <g> C is exact for an arbitrary sheaf H e Sh Ab X. 
We decompose the exact complex C into short exact sequences 

S(k) :0^Z k ^C k ^ Z k+1 -> 

where Z k := ker(C fc — ► C k+1 ). Using the fact that the sheaves C k are flat we obtain 

-> Ton(#, Z k+1 ) ^H®Z k ^H®C k -^H® Z k+l -> 

and the isomorphisms Tor m+ i(if, Z k+1 ) = Tor m (H, Z k ) for all m > 1. Since Z is 
one- dimensional we know that Tor m = for m > 2. Inductively we conclude that 
Tor! (if, Z k ) = for all keZ.lt follows that H <g> S(k) is exact for all k e Z. This 
implies that H ® C is exact. 

Let now F be a complex. Using the previous result and a spectral sequence argument 
we conclude that the total complex associated to the double complex F®C is exact. 
Let now C G C(Sh Ab X) be an exact complex of /^-acyclic sheaves. We show that this 
implies that /*(C) is exact. The complex C decomposes into short exact sequences 

-> Z n -> C n -> Z rt+1 -> , 

where Z n := ker(C n — > C n+l ). Using the fact that C n is /^-acyclic we obtain the 
exact sequence 

o - uz n ) ^ f*(c n ) ^ uz n+1 ) #7*(^ n ) ^ o 
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and the isomorphisms 

R k f*(Z n+1 ) = R k+1 f*(Z n ) 

for all k > 1. By induction we show that for k > 1 and all I € N we have 

R k f,(Z n ) = R k+l f*(Z n - 1 ) . 

Since /* has bounded cohomological dimension we conclude that R k f*(Z n ) = for 
all n e Z and fc > 1. In particular the sequences 

o - uz n ) -> /«(c n ) - - o 

are exact for all n G Z. This shows the exactness of /*(C). □ 

Lemma 6.70. T/ie integration map is independent of the choice of a flat locally 
f*- acyclic resolution K of Z x o/ length n. 

Proof. Let i^, L are two such resolutions. Assume that there exists a quasi-isomorphism 
K —>■ L. The identification 

coker^L"- 1 -> = coker(/^"- 1 -> = i? n /*(Z x ) = 

gives a map f*L — > Z Y [— n] which induces the transformation Ty^ — > id of degree 
—n. 

It induces a commutative diagram 

fJf* f*T K If* ^— f*T K f* ^- f*T K f*R 




fJf* f*T L If* ^— f*T L f* — f*T L f*R 

The upper horizontal composition is the integration map defined using K (see |6.61|) , 
and the lower horizontal composition is the integration map defined using L. We 
see that both maps are equal. 

Let now K, L again be flat and locally /^-acyclic resolutions of Z x of length n. We 
complete the proof of the Lemma by showing that there exists a third such resolution 
M together with quasi-isomorphisms K ^ M ^ L. 

The maps Z x — » K and Z x — > L, respectively, induce maps K — » K <g> L and L — > 
K ® L which are quasi-isomorphisms. We further get induced quasi-isomorphisms 

K -> n(K ®L) , L -f J=7(tf <g> L) . (6.71) 

We let M := r^ n Tl{K ® L). The maps (|6TT| ) factorize over M. Note that K ® L 
is flat. Since JFZ and truncation preserve flatness (see Lemma 3.12|) , we see that M 



is flat. Since Tl in fact produces flasque and hence locally /^-acyclic resolutions, 



and the cohomological dimension of /* is bounded by n we conclude by Lemma 6.65 



that M is locally /^.-acyclic. □ 
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6.5.17 In this paragraph we show that the integration map is functorial. Let 
g: Y — > Z be a second proper and representable map of locally compact stacks 
which is an oriented locally trivial fibre bundle of closed m-dimensional manifolds. 

Lemma 6.72. We have a commutative diagram 



Rg* o Rf„ o Lf* o Lg* 
Rg*(f f ) 
Rg*oLg*[-n] — 



R(jgof) m oL(gofy 

fgaf 

>■ id[— n — m] 



Proof. The following sequence of modifications transforms the down-right composi- 
tion into the right-down composition. 

g*If*If*g* - g,If*T K If*g* g»If*T K f*g*R - g,Ig*R - g*T L Ig*R ^ g*T L g* R -» id (6.73) 

g*If*I}*g* g*T L IUIf*g* g*T L If«T K If*g* Z- g*T L f t T K If*g* Z- g*T L f*T K f* g* R - g*T L g*R - id (6.74) 

3.J/.J/V - g*T L If*If*g* £■ g*T L f t If*g* - g*T L f t T K If*g* ^ g*T L f*T K f g* R - 9 *T L9 */J -» id (6.75) 

g*If,If*g* Z- g*f*If*g* -» g*T L f,If*g* -» g,T L f*T K If* g* g,T L f*T K f*g*R - g*T L g* R -* id (6.76) 

g*f*If*g* -> g*T L UIf*g* - g*T L f*T K If*g* Z- g*T h f*T K RIf g* Z- g,T L f*T K Rf*g*R 9 *T L9 */J -» id (6.77) 

g*f*If*g* - g*T L UT K If*g* £- g*f*T f , L!S)K RIf*g* Z- g*f i ,T f , L!S)K Rf*g*R - g ,T £S *.R - id (6.78) 

g*I/,J/V ^ ( 9 o /),J(g o /)* - ( 9 o f)*T M I(g o /)* £. (g o /)»T M ( 9 o /)*/? _ id (6.79) 



The transition from (|6.73| ) to (p. 74 ) uses the fact that tensorizing with L and the 
map id — ► Tj, can be commuted with the intermediate operations. In order to 
go from ( |6.74[ ) to ( |6.75| ) we use the fact that preserves quasi-isomorphisms. 
The same reason and the fact that /* preserves fibrant objects is behind the transi- 
tion from (p. 75]) to ( |6.76|) . We use e.g. the isomorphism g*f*If*g* ^ g*If*If*g*. 
There is a vertical quasi-isomorphism from Q6.77]) to ( |6.76 ). The step from (|6.77|) 
to (|6.78|) uses the isomorphism Tl/^TkR —> f*Tf*L®xR given by the projection for- 
mula. The weak equivalence in ( |6.78| ) is not obvious (since f*L®K is not obviously 
g*/*-acyclic), but follows from the fact, that this line is isomorphic to the previous 
( |6.77| ). In the last step from ( p. 78] ) to ( |6.79| ) we use the map f*L ® K — > M given 
by a truncated flabby resolution of f*L <g> .K" and the fact that the integration map 
is independent of the choice of the resolution. □ 



6.5.18 Consider a cartesian diagram of locally compact stacks 




(6.80) 



We assume that / and u, and hence also g and v have local sections. Furthermore 
we assume that / is representable and a locally trivial oriented fibre bundle with a 
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closed manifold as fibre. Then g has these properties, too. The orientation of g is 
induced by 

R n g*Z v = R n g*v*Z x = u*R n f*Z x = u*Z Y = I±v 

We get diagrams 

(6.81) 



u*RfJ*^Rg*v*f* 



u * If 



ir 



L 



( |6.57| ) 

Rg*g*u* 



(6.82) 



Ru^Rg^g* >• Rf^Rv^g* 

Ru, f 

Ru * * — 7~ir~ Rf*f*Ru* 
If Ru * 

For the upper horizontal transformation in ( 6.81|) we use 6.55 , and for the right 
vertical one ( |3.15| ) or |6.59| . Note that only in the lower bounded derived category 
the right vertical morphism is an equivalence for general u (which is anyway the 
situation in which we will apply the assertion). 

Lemma 6.83. The diagrams ( \6.81\) and ( \6. 8Q ) commutes. 
Proof. We start with the following two technical lemmas. 

Lemma 6.84. Given a cartesian diagram ( \6. 8Cj ) of locally compact stacks such that 
f und u have local sections, then for sheaves K £ Sh Ab X and F G Sh Ab U the following 
diagram commutes: 



f*K ® u*F 



f*K ® u*F 

~26| 



f*{K®f*u*F) 



u,{u*f,K®F) 



f*(K®v*g*F) 



u*{g*v*K ® F) 

~26| 



f*v if {v*K®g*F) 

..99 



u*g*(v*K <g> g*F) 



K(v*K®g*F) 
where h:=fov = uog. 



K{v*K®g*F) 
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Proof. By Definition |6.26| , the left vertical morphism is the image of the identity 
under the following sequence of maps 

Rom(v*K <g> g*K, v*K ® g*K) Rom(v*f*f*K ® v*v*g*K, v*K ® #*it) 

The right vertical morphism, on the other hand, is given by 

Hom(> *if <g> gr*iT, g) g*K) -> Hom(g'*5'*u*K <g> g*u*u*K, v*K ® g*K) 
-> R<m(g*(u*f*K u*u*K),v*K ® 0*AT) -> Hom(M*(/^ g> u,K),g,(v*K <g> 
-> Hom^if ® u*g*(v*K ® g*K)) -> Hom(/*fs: <g> ^(v*^ ® 

In both cases, we first use the counit, then "commute" pushdown and pullback using 
Lemma |6.12| and finally use adjunctions. By Lemma |6.12| , the two ways to apply 
the counit and the push-pull isomorphism commute. This implies commutativity of 
the diagram of homomorphism sets, and therefore the commutativity of the original 
diagram. □ 

Lemma 6.85. In the situation of Lemma |6'. &fl /or G Sh Ab X and F G Sh Ab Y the 

following diagram commutes: 



u*(f*K®F) - 

EH 

u*f*K ® m*F 



6.2€ 



u*U{K®rF) 



3.12 



g*v*K ®u*F 



9if v*(K®f*F) 



g«{v*K®v*f*F) 



6.100 



g*{v*K ® g*u*F) 



Proof. The left vertical and lower composition is by definition the image of the 
identity under the sequence of maps 



Hom(K <g> f*F, K <g> ^ Hom(K <g> /*F, (AT ® f F)) 



adj 



Eom(v*(K g> f*F),v*{K <g> -»■ Hom(«*iif ® o*m*F, w*AT <g> o*m*F) 

^> Kom(g*v* K ®u* F, g*(v* K ® g*u 
Kam(u*(f.K g> F),g,(v*K g*u*F)). 



Rom(g*g*v*K®g*u*F,v*K®g*u*F) ^ H<m{g*v*K®u*F,g*(v*K®g*u*F)) 
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The upper and right vertical composition is the image of the identity under the 
sequence of maps 

Hom(F ® f*F, K ® f*F) Eom(f*f,K ® f*F, K ® f*F) 

^ Rom(f*K <g> F, <g> ^ Hom(/^ ® F, u*u* f*(K ® 

^ Hom( M *(/^ ® F), u*/*(F ® /*F)) -> Hom( M *(/,F <g> F),g*v*(K ® /*F)) 
-> Hom(u*(/*F <g> F),g*(v*K <g> -> Hom(w*(/*F <g> F),g*(v*K <g> #VF)). 

These two maps coincide, as follows from the fact that units and counits commute 
(in the appropriate sense) with a* and /3*. □ 

6.5.19 We now show that ( |6.81| ) commutes. We simplify the definition of the 
integration map which is represented by all horizontal compositions in the following 
diagram. 

fJf* f*T K If* f*T K f*R id 



fjf*l UT K If*I ^— f.T K f*RI / 

f*f*I f*T K f*I — ^- f*T K f*RI / 



fj*m — - f*T K f*m UT K rRin — - m 

fj*n f*T K f*n -^r- UT K f*RFl Tl 

Let us comment about the isomorphisms in the first column. Let F G C(Sh Ab X). 
Then f*If*(F) — > f*If*I(F) is a quasi-isomorphism since /*//* preserves quasi- 
isomorphisms and F — > 1(F) is a quasi-isomorphism. The map f*f*I(F) — > 
f*If*I(F) is a quasi-isomorphism since I{F) is a complex of injective, hence flabby 
sheaves, the functor /* preserves flabby sheaves, and therefore the acyclic map- 
ping cone of C := C(f*I(F) — > If*I(F)) is an exact complex of flabby sheaves. 
In particular it is an exact complex of /^-acyclic sheaves. Since /* has bounded 
cohomological dimension this implies that f*{C) is exact (see the argument in the 
proof of Lemma |6.69|) , and therefore f*f*I(F) — > f*If*I(F) is a quasi-isomorphism. 
The map f*f*I(F) f^f*IJ z l(F) is a quasi-isomorphism by a similar argument. 
In fact, f*J r l(F) — > f*ITl(F) is a quasi-isomorphism of /^-acyclic sheaves. This 
implies again by the mapping cone argument, that f^f*J r l(F) — ► f^f*IJ r l(F) is a 
quasi-isomorphism. 
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The lower line of the diagram ( |6.81| ) expresses the integration map in terms of the 
flabby resolution functor Tl. Since we know that Tl preserves flat sheaves (we do not 
know this for J) we can drop the flat resolution functor R from the construction of the 
integration by adopting the convention that the functors are applied to complexes 
of flat sheaves. 

We get the following commutative diagram 



u*f*T K f*n 



g*v*T K f*Tl 



g*T v * K v*f*n 



u*RfJ* — ^ 



u*T UK Tl 



T u *f, K u*Tl 



g*T v * K g*u*Tl < T 9tV * K u*Tl 



g*T v , K g*Tlu* 



Rg*g*u* 



Rg*g*u* 



Jn 



U* Tl 



T u » z u*Tl 



u*Tl 



Tlu* 



u ' 



(6.86) 



The commutativity of all the small squares is evident. The commutativity of the 
large rectangle relies on the fact that the projection formula is compatible with 
pullbacks, this is the statement of Lemma |6.85| . The commutativity of the boundary 
of this diagram gives ( |6.81| ). 

6.5.20 In order to show that ( |6.82| ) commutes we start with the following observa- 
tion. 



Lemma 6.87. Assume, in the situation of Lemma \6. &4 that K is a flat locally 
j '^-acyclic resolution ofL x of length n, and that f is a projection of a locally trivial 
orientable fibre bundle of n-dimensional closed manifolds. Assume that f*K — > Z y 
is an orientation. Let g*v*K — > be the induced orientation of the pullback bundle 
g. Then the following diagram commutes, where all the horizontal maps are given 
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by the orientations. 



f*K ® u*F 



u*(u*f*K <g> F) 



u*{g*v*K®F) 



® u*F 



u*(u*Z Y <g> F) 



Proof. The upper diagram commutes because of the naturality of the homomor- 
phism of the projection formula, the lower diagram commutes by the definition of 
the induced orientation of g. □ 

To understand the relation between derived pushdown along a non-representable 
map and integration we need to use an explicit model of the derived pushdown. If 
u : U — > Y is a morphism between locally compact stacks which has local sections, 
then Ru* is given by Ca ° Tl, where Tl is the functorial flabby resolution functor, 
and Ca is defined in Section |3]^, using an atlas A — > U. Note that Ca indeed can 
be decomposed as the composition of a functor La on sheaves on U and «*. Here 
La is the sheafification of the functor on presheaves given by 

p L k A F(W -> U) := F( A x v ■ ■ ■ x v A x v W -> 17) . 

fe + 1 factors 



i.e. p L k A = p k *p* k , with p k : A Xrj ■ • • x u 

fc + 1 factors 



Lemma 6.88. In £/ie situation of Lemma \5.87j , we obtain a commutative diagram 



f*T K f*u*L A Tl 



f*T K f*u*L A Tl 



3.16 



f^T K v*L g * A g*Tl ' '> f*T K v*g*L A Tl 



K g*L A Tl 



u*g*T v * Kg* L a3~1 



Tf t K u *LAJ~l 



u^T^^kLaTI 



u*T gitV *jcLA^Fl 



u*T gtV *KLAFl 



u*L A Tl 



u*L A Tl 



u*L A Tl 



u*L A Tl. 



Here, the right horizontal maps are given by the orientations f*K — > Z y and 
g*v*K -> Z^. 
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Proof. This is the direct translation of Lemma p.84| and Lemma |6.87| . 



□ 



Note that the upper composition is a representation (when applied to flat sheaves) 
of 

If 

Rf*f*Ru* — ► Ru*. 
The leftmost vertical arrow represents the morphism 

Rf*f*Ru* -> Rf*Rv*g*, (6.89) 

since g* preserves flabby sheaves, and v*L 9 *a indeed is a model for C 9 *a, which can 
be used to calculate Rv*. 



Therefore the diagram in Lemma |6.88| contains one part (lower right-up) of the 
diagram fl6.82|) . 

6.5.21 To represent the other composition of the diagram ( 6.82f) , we have to com- 
mute not only but also La with the other operations. Recall that La provides 
some kind of a resolution, i.e. we have a canonical map id — > La, which is used in 
the Lemma below. 



Lemma 6.90. In the situation of Lemma \6.8% the following diagram commutes, 
where the horizontal maps are induced by the orientation of g. 



u^Tq^kLa^FI 



u*Tl a9 „v*kLa^I 



u* LaTq, v* k 3~l 



u^TzLaFI 



-> u^Tl^LaTI 



u+LaTvFI 



The second vertical map in each column follows from a variant of the projection 
formula, using that La is given by application of (pk)*pt ( or by directly inspecting 
the definitions). 

Proof. If G —>■ H is a morphism of sheaves, then we get a natural transformation of 
functors Tq — > Tjj. This naturality implies the commutativity of the first square. 
The second square is commutative by the naturality of the morphism in the projec- 
tion formula. □ 



Observe that we have a natural isomorphism g*LA — L g *Ag* 
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Lemma 6.91. In the situation of Lemma \6.8T[ we obtain the following commutative 
diagram 

u if g if T v *K9*LATl < u^Tg^K^A Tl 



u*g*T L t v * K g* L aTI 



< u*T gt L * a v*kLaFI 



3.16 



u*g*TL * a v*kL 9 *a9* Tl 



u*g*L q *AT v *K9*Tl 



u*L A9*Tg tV * k9* Tl 



u^LAT„ tV *xTl 



u*L aT g*u* kTI 



Proof. The upper square is commutative because of the naturality of the morphism 
in the projection formula. The commutativity of the lower rectangle follows from 



Lemma |6.84| , as we basically have to commute two different applications of the 
projection formula. □ 



We now prove the commutativity of ( |6.82| ). Using explict representatives of the 
maps in question, we obtain (applied to flat sheaves) 



Rf*f*Ru* 



f*T K f*u*L A Tl 



u*g*T v * Kg* L aTI 



u*LAg*Tg tV * K g*Tl 



Rf*f*Ru* > Ru, 



Tj^ku^LaTI 



"u*Tg tV *KLATl 



u^LaTo^kTI 



u*LaTI 



u*LaTI 



u*L a TiTI 



u*LATlg*T gtiV *Kg* Tl < u^LATlTg tV *xTl > u*LaTI 



Ru*Rg*g* 



Ru*Rg*g* 



Ru* f 



Ru* 
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Here, the first and the last rows are just added as illustration what the next or 
preceding line, respectively, computes in the derived category. The map from the 
third-last to the second-last row is induced by the inclusion into the flabby resolution. 
This step is necessary because we don't know that the functors in question are w*- 
acyclic, and explains why one can directly define only the map f*Ru* — > Rv*g*, and 
why it is hard to show that this is an equivalence. The other vertical maps, and the 
commutativity of the remaining four squares, is given by Lemmas |6.88| , |5.90j , |6.91 . 
Note that the left vertical composition is the composition 

Rf*f*Ru if — > Rf*Rv*g* — > Ru^Rg^g*, 



as shown in the reasoning for (|6.89|) . The assertion follows 



□ 



6.5.22 Compared with the simplicity of its statement the proof of Lemma |6.83 
seems to be too long. But let us mention that the proof of a similar result in 
the algebraic context is quite involved, too. The book ||Con0C(1 is devoted to this 
problem. 



6.6 Extended sites 

6. 6. 1 We consider the lower right cartesian square of the diagram 

U x v B - B 



A Xy X ~l Xy .V 



A 



u- 



V 

X 



Y 



in stacks where U, X, Y are locally compact. 

Lemma 6.92. IfU is a space or f is representable, then U XyX is a locally compact 
stack. 

Proof. We first assume that U is a locally compact space. Let B — > X be a lo- 
cally compact atlas. Then U Xy B — > U Xy X is an atlas. Indeed, surjectivity, 
representability, and local sections for this map are implied by the corresponding 
properties of the map B — > X. The stack U Xy B is a space since U — > Y is repre- 
sentable by Proposition |6.1| . By Lemma |6.9| the space U Xy B is locally compact. 
Furthermore, again by Lemma |6.9| , 



(U x Y B) x 



(UXyX) 



(U x Y B) = U xy (B x x B) 
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is locally compact since BxxB is locally compact. Hence the atlas UxyB — > U XyX 
has the properties required in Definition [Z72] so that U Xy X is a locally compact 
stack. 

We now assume that / is represent able. Let A — > U be a locally compact atlas such 
that A Xu A is locally compact. Then A x Y X = A x v (U x Y X) — > U x y X is 
an atlas oi U x Y X . We again verify the properties required in Definition |2.2| . By 
the special case of the Lemma already shown this atlas is locally compact. More- 
over [Axu(U x Y X)] x Uxy x[Axu{U XyX)] = (Ax v A) x Y X is locally compact. □ 

6.6.2 If /: X — > Y is a representable map with local sections between locally 
compact stacks, then for (U — > Y) £ Y we have p f*h v = h UxxY (see the proof 
of Lemma |6.97| below). If we drop the assumption that / is representable, then in 



general p f*hu is not representable. In order to overcome this defect we enlarge the 
site X to X so that it contains the stacks U x x Y — > X over X. 
We consider the 2-category Stacks* op '' c /; s jrep X of locally compact stacks U — > X over 
X, where the structure map is representable and has local sections. A morphism in 
this category is a diagram 

U r. >V 



V 

X 

consisting of a one-morphism and a two-morphism. The composition is defined in the 
obvious way. If there is a two-morphism between two such one-morphisms, then it is 
unique by the representability of the structure maps. Therefore Stacks top,k /; Sire:P X 
is equivalent in two-categories to the one-category obtained by identifying all iso- 
morphic one-morphisms. 

6. 6. 3 Let / : X — > Y be a map between locally compact stacks. 

Definition 6.93. We let X be the category obtained from Stacks top ' k /; s rep X by 
identifying all isomorphic one-morphisms. 

We now define the topology on X. A covering family (Ui —>■ U) of (U — > X) £ X 
is a family of locally compact stacks over U such that Ui — > U is representable, has 



local sections and U^iU — > U is surjectiveQ Using Lemma |6.92| one easily checks 
the axioms listed in ||Tam94| , 1.2.1]. 



Let X be the site with the same underlying category as X, but with the topology 
generated by the covering families of (U —>■ X) given by families (U —>[/)£ 
Stacks top '' c /X such that U { -> U is a map from a locally compact space with local 
sections and U{Ui — > U is surjective. 



4 These maps are actually equivalence classes, but in order to simplify the language we will not 
mention this explicitly in the following 
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Lemma 6.94. We have a canonical isomorphism 

ShX = ShX . 

Proof. The covering families of X are covering families in X. Here we use Proposi- 
tion |6J] in order to see that the maps Ui — > U from spaces Ui are representable. On 
the other hand, every covering family (Ui — > U) of (U — > X) in X can be refined 
to a covering family in X by choosing a locally compact atlas A$ — > Ui for each U^. 
This implies the lemma. □ 

6.6.4 The natural functor Top Zc /X — > Stacks top ' Zc /X from locally compact spaces 
over X to locally compact stacks over X induces a map of sites j: X — > X. 

Lemma 6.95. T7ie restriction functor 

j* : ShX -> ShX 

is an equivalence of categories. 

Proof. The inverse of j* is the functor given by 

j*F(U) := lim F(V) 

(V^[/)€X//[/ 

for all (C/ -»I)gX, where X//U is the category of all pairs (V G X,j(V) —>■ U E 
Mor(X)) such that the map j(V) — > Z7 has local sections. 

If C/ G j(X), then (17, id i(C7) : j(U) -> ?([/)) it is the final object of X//C/. This 
gives a natural isomorphism j*j*{F)(U) = F(U). 

We now define a natural isomorphism j*j*(F) — > F for all F e ShX. Let ([/ — > 
X) G X. The family (V — ► t/)x//c/ is a covering family of C/ — ► X in X. Since F is 
also a sheaf on X by Lemma |6.94| we get an isomorphism 



3*3*{F){U) £ lim S F([7) . 



□ 



Lemma 6.96. A map f : X — > K between locally compact stacks induces a map of 
sites 

P : Y -> X 
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Proof. Indeed, if U — > Y is a map from a locally compact space, then the stack 
U Xy X is locally compact by Lemma |6.92| . If (U — ► U) is a convering family of 
(£/ — > F) G Y by open subspaces, then (Ui Xy X — > U x Y X) is a covering family 
in X by open substacks. 

Furthermore it is easy to see that p preserves fibre products, i.e. if (Ui — > U) is a cov- 
ering family and V — > U is a morphism in Y, then p(UiXuV) = p(Uj) x /» ([/)/" (^)- 

□ 



6.6.6 We consider a map / : X — > Y between locally compact stacks. Then we 
have an adjoint pair of functors 

/J: ShY <=> ShX : (/»)* . 

Lemma 6.97. VKe /iave an isomorphism of functors j* o /| = /* : ShY — > ShX 

Proof. The map j : X — > X induces a map p j* : PrX — > PrX. We show the relation 
first on representable presheaves. Let (U -> 7) £ Y and observe that ([/ XyX -> 
X) G X by Lemma |6.92| . The following chain of natural isomorphisms (for arbitrary 
F G PrX) shows that f\hu = h UxYX : 

Hom Pr x(/!^,F) S Hom PrY (^, 

= F(/»(t/)) 
S F(Ux y I) 

- Homprxl^f/xyX,^) • 
For (U -f y) G Y we have p /*/i{7 ^ p j*h UxyX . Indeed, for (V — > X) G X we have 

p fh UXYX (V) = Eom ± (j(V), Ux Y X)^ p f*hu(V) , 

where the marked isomorphism can be seen by making the definition oi p f* explicit. 
Since p j* o p fl and p f* commute with colimits the equation p j* o p /| = p f* holds on 
all presheaves. The restriction to sheaves (note that all functors preserve sheaves) 
gives j* o ft S /*. □ 
By adjointness we get 

(h*°J* = f* ■ (6.98) 

6. 6. 7 Consider two composeable maps between locally compact stacks. 

X 1+Y ^ Z . 



The following lemma generalizes PSS07| , Lemma 2.23] by dropping the unnecessary 
additional assumptions that / has local sections or g is representable. 
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Lemma 6.99. We have an isomorphism of functors g* o /* = (go f)* : ShX — > ShZ. 
Proof. We consider the following diagram: 




((9°/) )• 



We know that the squares commute (Equation ( p.98| )), and that the horizontal 
arrows are isomorphisms (Lemma |6.95|) . It follows from the constructions that 



ftogt = (gof) 

on the level of sites. Hence the right triangle commutes, too. This implies commu- 
tativity of the left triangle. □ 

Taking adjoints we get: 

Corollary 6.100. We have an isomorphism f*og* = (go /)*: ShZ — > ShX. 

6.6.8 We consider a topological stack X and the inclusion j : X — > X which induces 
by Lemma |6.95| an equivalence of categories of sheaves 

j* : ShX *=> ShX: j, . 

Note that the notion of flabbyness depends on the site. 

Definition 6.101. We call a sheaf F e Sh Ab X strongly flabby if j*(F) is flabby. 

Since flabbyness is a condition to be checked for all covering families and since 
all covering families in X induce covering families in X it follows that a strongly 
flabby sheaf is flabby. Since injective sheaves are strongly flabby each sheaf admits 
a strongly flabby resolution. 

6.6.9 Let /: X —>■ Y be a morphism of locally compact stacks. 
Lemma 6.102. Strongly flabby sheaves are f ^-acyclic. 



Proof. In view of Lemma |6.97| it suffices to show that flabby sheaves in Sh Ab X are 
/,,-acyclic. We now can write /* = z" o p /* o i } where i" and i are the sheafifica- 
tion functor and the inclusion of sheaves into presehaves for the tilded sites, and 
p£ = ?(/«)*: PrX -> PrY. Since p f*(F)(V -> F) = F(V x y X -> X) we see that 
p /* is exact. Since strongly flabby sheaves are i-acyclic, and v is exact, it follows 
that strongly flabby sheaves are /^-acyclic. □ 
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Lemma 6.103. The functor /*: Sh A bX — > Sh Ab Y preserves strongly flabby sheaves. 

Proof. We must show that /* preserves flabby sheaves. Let F G Sh Ab X and r = 
(Ui — > U) be a covering family of (U — > Y) in Y. We must show that the 
Cech complex C(r, is acyclic. Note that f m F(V) = F(V x Y X). The fam- 
ily /"(r) := ([/; Xy I ^ [/ Xy I) is a covering family ofC/xylinX. We see 
that C{tJ*F) S C7(/»(r),F). Since F is strongly flabby, the complex C(fh,F) is 
acyclic. □ 

6.6.10 Consider again a sequence of composeable maps between locally compact 
stacks. 

X 1+Y ^ Z . 



The following Lemma generalizes ||BSS07| , Lemma 2.26], again by dropping the un- 



necessary assmptions that / has local sections or g is represent able. 

Lemma 6.104. We have an isomorphism of functors Rg^oRf^ = R[gof)^ ; _D + (Sh Ab X 
£ + (Sh Ab Z). 

Proof. The isomorphism (g o /)* — > o induces a transformation R(g o /)* — > 
Rg* o Rf*. Since injective sheaves are strongly flabby, /* preserves strongly flabby 
sheaves, and strongly flabby sheaves are (^-acyclic, this transformation is indeed an 
isomorphism. □ 
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